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Question

What if the Fitness of Population Members corresponds
to Average Rewards in a Stochastic Game,
rather than to Expected Payoffs in a One-Shot Game?
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The ESS Concept
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The Replicator Dynamic by Taylor and Jonker, 1978
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Remarks on ESS and Asymptotic Stability

A Static Concept and a Dynamic Process
ESS Not Always Exists
Replicator Dynamic Not Always Converges
Any ESS is Asymptotically Stable
Limit Points of Dynamic Not Always ESS 0 6 −4
−3 0 5
−1 3 0

 (Hofbauer and Sigmund, 1998)
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Fitness of Individual of Type k in Population
x̄ = (x̄1, x̄2, . . . , x̄n)
is Average Reward γ(ek , x)
where x Stationary Strategy determined by x̄
Different Populations can give Same Stationary Strategy
Stationary Strategy x is ESS if

γ(x , x) ≥ γ(y , x) ∀ Stationary Strategies y
If y 6= x and γ(y , x) = γ(x , x), then γ(x , y) > γ(y , y)

Population Development by Replicator Dynamic
˙̄xk = x̄k (γ(ek , x)− γ(x , x))
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Some Remarks … a ij (s ) …
p (s , i , j )

… a ij (s ), b ij (s ) …
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x j (s )

x i (s )
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ESS Not Always Exists
Replicator Dynamic Not Always Converges
Limit Points of Dynamic Not Always give ESS
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Time Scale Assumption

We assume that the Stochastic Game Horizon
corresponds to Individual Life Time,
which is Negligibly Small compared to
the Time Scale of the Evolutionary Population Dynamics
The Infinite Horizon Average Reward approximates the
Finite Horizon Average Reward
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Different Populations, Same Stationary Strategy

Example

In a Game with 2 States and 2 Actions, T and B, in each State:

1
2
· (T ,T ) +

1
2
· (B,B) = ((

1
2
,
1
2

), (
1
2
,
1
2

)) =
1
2
· (T ,B) +

1
2
· (B,T )

Question

Suppose ((1
2 ,

1
2), (1

2 ,
1
2)) is an ESS,

does it imply γ(T ,T ) = γ(B,B) = γ(T ,B) = γ(B,T )?

Frank Thuijsman, DKE, Maastricht University

GAMES 2012, Istanbul, July 22-26, 2012



Introduction Stochastic Games Evolutionary Games Evolutionary Stochastic Games Concluding Remarks

Different Populations, Same Stationary Strategy

Example

In a Game with 2 States and 2 Actions, T and B, in each State:

1
2
· (T ,T ) +

1
2
· (B,B) = ((

1
2
,
1
2

), (
1
2
,
1
2

)) =
1
2
· (T ,B) +

1
2
· (B,T )

Question

Suppose ((1
2 ,

1
2), (1

2 ,
1
2)) is an ESS,

does it imply γ(T ,T ) = γ(B,B) = γ(T ,B) = γ(B,T )?

Frank Thuijsman, DKE, Maastricht University

GAMES 2012, Istanbul, July 22-26, 2012



Introduction Stochastic Games Evolutionary Games Evolutionary Stochastic Games Concluding Remarks

Irreducible Markov Decision Problems

Theorem
If x∗ is a Stationary Optimal Strategy in an Irreducible MDP and
x is a Stationary Strategy with C(xs) ⊂ C(x∗s ) for each s, then x
is Optimal as well.

Here Irreducibility is Essential!

Example

1, 1 4, 3 3, 3 5, 4
(0, 1) (0.5, 0.5) (1, 0) (0.5, 0.5)

3, 4 2, 2 4, 5 2, 2
(0.5, 0.5) (0, 1) (0.5, 0.5) (1, 0)

1, 1 4, 3 3, 3 5, 4 4, 4 6, 7
(.5, 0, .5) (.5, .5, 0) (1, 0, 0) (.5, 0, .5) (0, 1, 0) (0, .5, .5)

3, 4 2, 2 4, 5 2, 2 7, 6 5, 5
(.5, .5, 0) (0, .5, .5) (.5, 0, .5) (0, 0, 1) (0, .5, .5) (1, 0, 0)

1, 1 4, 3 3, 3 5, 4 0
(0, 1, 0) (.5, .5, 0) (1, 0, 0) (.5, .5, 0) (1, 0)

3, 4 2, 2 4, 5 2, 2 2, 2 1 1
(.5, .5, 0) (0, 1, 0) (.5, .5, 0) (0, 0, 1) (0, 0, 1) (0, 1) (0, 1)

state 3 state 1 state 2

3, 3 5, 4
(1, 0) (1, 0)

4, 5 2, 2 2, 2
(1, 0) (0, 1) (0, 1)

state 2

3, 3 5, 4
(1, 0) (1, 0)

4, 5 2, 2 2, 2
(1, 0) (0, 1) (0, 1)

state 2state 1

state 1

state 3

state 1 state 2

state 1 state 2

state 1 state 2

2
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Irreducible Markov Decision Problems

Theorem
If x∗ is a Stationary Optimal Strategy in an Irreducible MDP and
x is a Stationary Strategy with C(xs) ⊂ C(x∗s ) for each s, then x
is Optimal as well.

Proof follows by showing that:

For a Stationary Strategy in an Irreducible MDP
the Average Reward is a Convex Combination
of the Averages for the Pure Stationary Strategies in its Carrier
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Evolutionary Stochastic Games

Corollary
If x∗ is an ESS in an Evolutionary Stochastic Game and x 6= x∗

is a Stationary Strategy with C(xs) ⊂ C(x∗s ) for each s, then x is
no ESS.

Proof:

If x∗ ESS and C(xs) ⊂ C(x∗s ) ∀s,
then γ(x , x∗) = γ(x∗, x∗) by previous Theorem,
then γ(x∗, x) > γ(x , x) by 2nd ESS Condition,
which implies x is no ESS. �
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Another Reason for Irreducibility

Example

1, 1 4, 3 3, 3 5, 4
(0, 1) (.5, .5) (1, 0) (.5, .5)

3, 4 2, 2 4, 5 2, 2
(.5, .5) (0, 1) (.5, .5) (1, 0)

1, 1 4, 3 3, 3 5, 4 4, 4 6, 7
(.5, 0, .5) (.5, .5, 0) (1, 0, 0) (.5, 0, .5) (0, 1, 0) (0, .5, .5)

3, 4 2, 2 4, 5 2, 2 7, 6 5, 5
(.5, .5, 0) (0, .5, .5) (.5, 0, .5) (0, 0, 1) (0, .5, .5) (1, 0, 0)

1, 1 4, 3 3, 3 5, 4
(0, 1, 0) (.5, .5, 0) (1, 0, 0) (.5, .5, 0)

3, 4 2, 2 4, 5 2, 2 2, 2
(.5, .5, 0) (0, 1, 0) (.5, .5, 0) (0, 0, 1) (0, 0, 1)

state 3

3, 3 5, 4
(1, 0) (1, 0)

4, 5 2, 2 2, 2
(1, 0) (0, 1) (0, 1)

state 2

state 1 state 2

state 1 state 2

state 1

state 3

state 1 state 2

No Symmetric Equilibrium in Stationary Strategies
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Theorem
For every Symmetric Irreducible Stochastic Game there exists
a Symmetric Stationary Equilibrium.

For Discounted as well as for Undiscounted (Average) Rewards

Proof follows by:
a Fixed Point Argument for the Discounted Best Reply Map
taking the Limit of Discounted Fixed Points for the
Undiscounted Case
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A 2 State Example with Replicator Dynamics
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Other ‘Evolutionary’ Work in Maastricht
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Thanks

Thank you for your attention!
Any comment is welcome!

Paper and presentation will soon be available at
www.personeel.unimaas.nl/F-Thuijsman

Frank Thuijsman, DKE, Maastricht University
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