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Abstract

This paper presents an energy efficient dynamically stable gait for a Nao humanoid robot. In previous
work we identified a dynamically stable and energy efficient gait in the sagittal or walking direction
of a Nao robot. This gait proved to be more energy efficient than the standard gait, provided by
the manufacturer. Dynamic stability in the lateral direction was not addressed. Lateral stability was
handled by full stiffness of the joint in lateral direction. In this paper we report on adding dynamic
lateral stability. We do not yet incorporate feedback of sensors. This implies that the gait is only
suited for flat horizontal surfaces that some lateral joint stiffness is needed in the implementation on
the Nao.

1 Introduction
The gait of humans is often assumed to be the most energy-efficient way of walking [2]. Srinivasan
and Ruina [10] confirm this hypothesis using a simple model in which the human is a point mass with
straight legs that can change in length during a step. Their results show that the dynamically stable
inverted pendulum walk is the most energy-efficient gait [7]. In previous work we demonstrated this
also holds for humanoid robots such as a Nao, despite differences with humans. For instance, humans
do not need to bend the knee of the stance leg while walking, because they can push off using the foot
and the calf muscle. A humanoid robot such as a Nao, cannot push off using its foot. Instead it must
provide the energy for maintaining a gait by bending and stretching its knee joint. Experiments with
a Nao showed that the torque of knee joint as a result of bending the knee joint is the main source of
energy consumption of the Nao during walking. A dynamically stable gait in the sagittal direction that
minimize the knee bending proved to be the most energy-efficient gait.

We extend the dynamically stable gait in the sagittal direction with dynamic stability in the lateral
direction. Simulations with an inverted pendulum model for the Nao with dynamic lateral stability
showed that adding dynamic lateral stability does not change the dynamically stable gait in sagittal
direction. We determined the requirements for the lateral stability and we adapted our gait controller
incorporating dynamic lateral stability. The adapted gait controller has 8 control parameters, for which
we learned the optimal values for a Nao through policy gradient algorithm. Figure 1 shows a high-level
outline of the approach.

In the paper, we first briefly describe our previous work [11, 12] about a walking pattern generation
which identifies a most energy-efficient gait without considering lateral stability (Section 2). The main
contribution of this paper is to propose a method for lateral stability improvement (Section 3). The
results are used to create a gait controller (Section 4) which is fine-tuned for a Nao robot using a webots
simulator (Section 5). The gait is evaluated on a real Nao robot (Section 6). The last section concludes
the paper.
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Figure 1: Outline of the proposed approach, showing the details about work flow

2 Walking Pattern Generation
The gait of humans and of humanoid (bipedal) robots is a repeating pattern consisting of two phases;
a single support phase (SSP) where the body is supported by only one leg and a double support phase
(DSP) where the body is supported by both legs [5]. In the DSP the weight of the body is shifted from
one leg to the other. The DSP is crucial for the lateral stability but is sometimes ignored when analysing
the gait. However, since it is impossible to implement a gait on a Nao without a double support phase,
we must consider it in our model. We will start presenting a model without a DSP and subsequently
extend the model with a DSP.

2.1 Single Support Phase
To analyse the energy consumption, we developed an Inverted Pendulum model with telescopic legs
[11, 12]. This model, which is based on the work of Srinivasan and Ruina [10], allows the length of
the support leg to vary during a step. A leg-length policy δ : [−π2 ,

π
2 ] → [0, 1] determines how much

the stance leg will be shortened as function of the angle β between stance leg with vertical axis. The
shortening of the stance leg is realized by bending the knee joint. Experiment with a Nao robot showed
the the torque on the knee joint is the main factor determining the energy consumption during walking
and that the energy needed to stretch the stance leg during a step can be ignored. Using simulations in
Matlab, an optimal leg-length policy that minimize the energy consumption, was determined [11, 12].
The optimal leg-length policy shows that the SSP starts with a slightly bended stance leg which is
subsequently stretched. After stretching the stance leg remains stretched till the end of the step.

2.2 Double Support Phase
We extended the model described in the previous subsection with double support phase [4]. The length
of the SSP during a step will be a parameter of our controller.

We need a way to describe the influence of the swing leg on the mass in DSP. This can not be done
by just simply applying a leg-length policy for the swing leg in the double support phase. Given the step
size s, the leg-length policy δ(β) of the stance leg and angle β, the length leg of the swing leg is fixed.
Prescribing the length of the swing leg by a policy, creates a rigid triangle in which the mass m can no
longer move freely. We therefore choose to let the mass m move freely given the leg-length policy of
the stance leg and use a force policy for the swing leg in the double support phase. So the length of
the swing leg is determined by the leg-length policy of the stance leg, the step size and the angle of the
stance leg, but the force that swing leg executes on the mass is determined by the force policy of the
swing leg. This force may influence the sagittal speed of the mass m.

After adding the double support phase and the force policy for the swing leg during the double
support phase, we re-run our Matlab simulation. The result of this simulation showed that the optimal
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Figure 2: The lateral plane during double support phase

leg-length policy did not change and the optimal force policy is to put no force on the swing leg till it
becomes the new stance leg. We also evaluated the effects of different force polices on leg-length policy.
The Matlab experiments showed that the shape of the leg-length policy does not change. The robot still
starts with a slightly bended leg which is subsequently stretched and remains stretched till the end of the
step. During the DSP, the stance leg is always stretched.

In the double support phase the robot has to shift its weight from the stance leg to the swing leg. In
order to keep balance in lateral direction at the end of the double support phase, the robot must put force
on the swing leg to stop the lateral movement in time. Adding this observation to our model and to our
gait controller for the Nao robot is the main contribution of this paper.

3 Lateral Control
To improve the stability of the walking pattern generation described previously, we exploit lateral con-
troller to regulate the CoM lateral movement and velocity during double support phase. Our idea is to
use the force generated by the swing leg and and upper body tilt to regulate lateral component of CoM
velocity. Since this work focus on the lateral component of the walking motion, and our experiments
with different leg-length polices showed the stance leg is always stretched during the DSP, we restrict
the equations to the lateral plane. Missura and Behnke [8] confirmed that sagittal and lateral controllers
can be modeled independently.

In order to introduce the equations describe the movement of CoM in lateral plane, we first define
a variable α(t) which is the angle between the stance leg and the vertical axis. When the total force
resulting from gravity and inertia generates rotation around the contact point between the sole of stance
leg and ground, the angle α(t) varies from 0 to α′, as illustrated in Figure 2.

We assume that during the single support phase, the robot is perfectly balanced in the lateral direc-
tion. Therefore, at the beginning of DSP, the stance leg is vertical to the ground (α(0) = 0), and in
the lateral plane there is no torque making the CoM rotate around the sole of the stance leg. In order to
generate the torque τ rotating the CoM from α(0) to α′, we manipulate the upper body to bend slightly
inwards at angle ω. The bending ω disrupts the balance enabling gravity to create a torque τ > 0. We
manipulate the force generated by the swing leg to control the rotation of the CoM with a non-zero
angular velocity α̇ and to stop at the position (α(t) = α′) where the robot can put its whole body weight
on the new stance leg and keep it stable. The problem is to control the torque τ appropriately. Our
method to mitigate the problem is controlling the force generated by the swing leg by means of a force
policy. Compared to the height of CoM, the step size is small (less than 5% of CoM height). Therefore
we assume that in the DSP, the length of stance leg can be considered as fixed in the lateral plane. That
is, on the stance leg, we ignore the effect of the CoM moving forward in the sagittal plane. Given this
assumption, we analyse the forces on the CoM in the lateral plane. We break down the gravity into
two components consisting of a radial force Fr along the stance leg and Fp that is perpendicular to the
stance leg (see Figure 3.a). We manipulate the force policy γ(α) of the swing leg to control the force Fq
generated by the swing leg on the CoM. We also break down Fq into two components: Fb which directs
opposite of Fr and another force F ′p which is opposite to Fp (see Figure 3.b). Therefore, in the radial



direction, there is the combine radial force Fn = Fr + Fb. Since the length of stance leg l is fixed, the
radial force Fn has no effect on the movement of the CoM. However, the combine force Ft = Fp + F ′p
generates a torque τ around the contact point between the sole of stance leg and ground. The torque τ
rotates the CoM, shifting the weight from stance leg to the swing leg.
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Figure 3: (a) Force on stance leg in lateral plane and (b) Forces on swing leg in lateral plane

At the beginning of DSP, ideally, the force policy γ(α) imposes no force on swing leg. Therefore
the torque τ generated by the slightly inward bending ω of upper body is needed to start the lateral
movement of the CoM. As α(t) increases, the force policy controls the force Fq to gradually decrease
the α̇(t), and stops the CoM movement when α(t) = α′. The force Fq causes the force F ′p which de-
accelerates the movement of the CoM. When α(t) = α′, the force Ft = 0 and the torque τ = Ft · l = 0,
and therefore the CoM will stop rotating. We generate a force policy by regulating the knee stiffness of
the swing leg, as a function of the angle α(t). The shape of the force policy is determined by means of
Quadratic Bezier curves, as illustrated in Figure 4. The Quadratic Bezier curves is defined by 3 points
in the interval of the DSP. The start point and the end point are fixed, so we start with no force generated
by the swing leg and stop with the full weight of the robot on the swing leg, after which it becomes the
new stance leg. We assume a smooth transition between these two points which is determined by the
middle point ζ of the Quadratic Bezier curves. So we have to determine the optimal point ζ.

𝑡𝑡𝑡𝑡 

𝑡0 
𝑏𝑡𝑏𝑏𝑡𝑏𝑏 𝑡𝑡𝑡𝑡 

𝑠𝑡𝑡𝑠𝑠𝑏𝑡𝑠𝑠 

0 

1 

ζ 
 

Figure 4: Stiffness over time by Quadratic Bezier Curves

To summarize, the controller manipulates the upper body to bend slightly inwards at angle ω to
trigger the CoM movement. At first there is no stiffness on swing leg, therefore the magnitude of F ′p is
0. Consequently, Ft leads to an acceleration of the angular velocity of CoM around the sole of the stance
leg, which make the knee joint of the swing leg start to bend. Next, the stiffness of the keen joint on
swing leg is increased in order to stop the rotation when the CoM reaches its end position (α(t) = α′).

4 Optimizing Gait Parameter for Nao
This section describes the learning of the optimal control parameter of a dynamic gait for a Nao.



4.1 Gait Parameters
This section presents the parameters of a gait that realizes the leg-length policy determined by the
experiments described in the previous section. Based on the results of the simulation experiments, we
identify 8 parameters (the new parameters to this work are the Quadratic Bezier points and the Torso
Roll inclination, see Section 3) that are essential in controlling a dynamic gait:

• Step Size (θ1): Defines the how long Nao can move in a singe step (sagittal).

• Step Height (θ2): Defines the maximum distance between ground and lifting feet. A high step
height will require higher speed of the swing leg and may cause horizontal instability. A low step
height increases the possibility of tripping and limits the step size.

• Knee Bending (θ3): Defines the maximum bending of the swing leg at the beginning of the double
support phase. This parameter determines the sagittal velocity and the energy cost.

• SSP Time (θ4): Defines how long the single support phase lasts. This parameter determines the
sagittal walking velocity.

• DSP Time (θ5): Defines how long the double support phase lasts. This parameter determines the
duration of the swing leg (the next stance leg) compression to θ3 in the double support phase.

• Torso Pitch Inclination (θ6): Defines the maximum angle that torso leans in sagittal direction. If
positive, it will move the center of mass (CoM) in sagittal direction. If it is set not appropriate, a
fall will occur.

• Quadratic Bezier points (ζ): Defines the magnitude of middle points in Quadratic Bezier Curves
which determines the ground reaction force on swing leg (introduced in Section 3).

• Torso Roll Inclination (ω): Defines the maximum angle that torso leans in lateral direction. If
positive, it will move the center of mass (CoM) towards the swing leg in frontal view. If it is set
not appropriate, instability will occur (introduced in Section 3).

Table 1: Trajectory Parameters in Sagittal Plane
Description of joint motion q
step size θ1
swing hip pitch p1(θ1, θ2, θ4, θ6)
swing knee pitch p2(θ1, θ2, θ4, θ6)
swing ankle pitch −p1 − p2
stance hip pitch p3(θ1, θ2, θ3, θ5, θ6)
stance knee pitch p4(θ1, θ2, θ3, θ5, θ6)
stance ankle pitch −p2 − p4

Table 1 shows all the parameters of the trajectory for walk movement. The walk posture q is determined
by joints value, step size, acceleration and so on. The value of hip pitch, knee pitch and ankle pitch are
functions pn of parameter sets.

4.2 Policy Gradient Algorithm
After investigating several policy search algorithms [3, 9], we chose to use a policy gradient method
presented by Kohl and Stone [6] to optimize the Nao’s gait. This method is among the Finite-different
methods and quite straightforward to understand. In the control law optimization experiment [9], the
finite-different methods turned out to be less efficient than other prominent general approaches and
converge to local optimal in motor planning experiments, Nevertheless, if we cannot differentiate the
polices w.r.t the control parameters, the finite different methods becomes the only option applicable [9].
In this method, the objective function Q is a function to be optimized for the energy cost and stability.

The policy gradient method starts with an initial parameter vector π = θ1, ..., θN and estimates the
partial derivative of the objective function Q with respect to each parameter. This is done by evaluating



t randomly generated policies R1, ...Rt near π, such that each Ri = θ1 + δ1, ..., θN + δN and δj is
randomly chosen to be either −ε, 0, +ε, where ε is a small fixed value relative to θ. After evaluating
each policy Ri on the objective function Q, each dimension of every Ri is grouped into one of the three
categories to estimate an average gradient for each dimension:

Ri ∈


S+ε,n, if the nth parameter of Ri is θn + εn

S+0,n, if the nth parameter of Ri is θn + 0

S−ε,n, if the nth parameter of Ri is θn − εn

We calculate average score Avg−ε,n, Avg+0,n and Avg+ε,n for S−ε,n, S+0,n and S+ε,n respectively.

• Avg−ε,n average score for all Ri that have a negative perturbation in dimension n

• Avg+0,n average score for all Ri that have a zero perturbation in dimension n

• Avg+ε,n average score for all Ri that have a positive perturbation in dimension n

These three average values estimate the benefit of altering the nth parameter by +εn, 0, −εn. An
adjustment vector A of size n is calculated where

An =


0, if Avg+0,n ≥ Avg+ε,n and

Avg+0,n ≥ Avg−ε,n
Avg+ε,n −Avg−ε,n, otherwise

In order to generate a gait that is energy efficient and stable, we adopt an objective function based on

Algorithm 1 Pseudo-code of Policy Gradient Algorithm
π ← InitialPolicy
while !done do

R1, R2, ...Rt = t random perturbations of π
evaluate(R1, R2, ...Rt)
for n = 1 to N do

Avg+ε,n
Avg+0,n

Avg−ε,n
if Avg+0,n > Avg+ε,n and Avg+0,n > Avg−ε,n then

An ← 0
else

An ← Avg+ε,n −Avg−ε,n
end if

end for
A← A

|A| ∗ η
π ← π +A

end while

the energy cost and the stability. The energy cost is expressed by the normalized current Mc, and the
stability by normalized standard deviation of the three accelerometers Ma

Q = 1− (wcMc + waMa) (1)

The components of the objective function are weighted by wc and wa respectively to optimize for
desirable goal. These weights are constrained so that the sum of the weights are equal to one. In this
experiment, we set wc = 0.25, wa = 0.75.

4.3 Learning optimal parameters in simulator
To generate the optimal gait parameters and test the gait’s performance, two separate experiments were
conducted. Firstly, we upload local modules into simulator Webots to run the policy gradient algorithm.



Number of
Iteration 100 200 300 400 500 600 628 700

standard 1.2102 1.2102 1.2102 1.2102 1.2102 1.2102 1.2102 1.2102 1.2102
hand-tuned 0.8857 0.8857 0.8857 0.8857 0.8857 0.8857 0.8857 0.8857 0.8857
learned 1.0235 0.9523 0.9321 0.9026 0.8767 0.8587 0.8392 0.8021 0.8021
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Figure 5: Comparison of Energy Cost of Three Gaits

We used a relatively elementary hand-tune gait as a starting policy for the policy gradient algorithm
described in Section V. Though a bad starting policy may lead to a simulation failure, we did not delib-
erately optimize the starting policy. The performance of the task is measured by monitoring the knee
torque and electric current. Falling or ”toddle” is penalized. We found a most energy-efficient and dy-
namically stable gait after 628 iterations. Subsequent evaluations showed no further improvement. The
learning algorithm produce a set parameters of stable gait which is more energy efficient and faster than
the standard walk of Nao. The parameters of the gait and ε value are given in Table 2.

Table 2: Initial Parameters and Best Learned Parameters
Parameter Initial Value ε Learned Value
step size 6(cm) 6(cm)
step height 3(cm) 0.02 3.24(cm)
knee bending 15 (degree) 0.1 13.8 (degree)
SSP time 300(ms) 25 225(ms)
DSP time 300(ms) 25 375(ms)
torso pitch inclination 10 (degree) 0.1 7.5 (degree)
torso roll inclination 10 (degree) 0.1 6.8
Quadratic Bezier points (0.5*DSP time, 0.5) 0.1 (0.9*DSP time, 0.2)

5 Simulation and Real World Evaluation
To validate our approach, we perform a real world experiment with the Nao humanoid robot, which has
25 degrees of freedom. We validate the result of the learned parameters by sending them to a Nao robot
and command it to walk a constant distance. We compared the energy consumption of learned gait with
the energy consumption of the standard gait of the Nao and our initial hand-tuned gait. The step size
was set to 6 cm. Figure 5 shows the energy consumption of the three gaits. We see that the learned
gait results in a power reduction of 33.7% of standard gait and a reduction of 9.4% of hand-tune gait.
The accompanying video material1 shows the Nao robot walking on flat ground with our proposed gait
controller.

6 Conclusion
In this paper, we presented a framework to generate energy efficient dynamic human-like walk for a Nao
humanoid robot. Based on previous work, we proposed a simple lateral control method for a gait with
dynamic lateral stability. We optimize the control policy for a Nao humanoid robot and evaluated the

1https://project.dke.maastrichtuniversity.nl/robotlab/wp-content/uploads/naowalk.mp4



result on the real Nao. The result shows the gait we proposed is more energy efficient and dynamically
stable than the standard Nao gait.
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