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1
INTRODUCTION

1.1. HUMANOID ROBOTS

H UMANOID robots, robots with anthropomorphic shape are popular as the research
topics. More and more researchers are working on issues such as bipedal locomo-

tion [46, 125, 148], human-robot interaction[50, 87, 113, 130], imitation learning[10, 134],
etc. aimed at the application in humanoid robots. These researchers are motivated by
the idea of creating a machine that can work in cooperation with humans in the environ-
ment designed for humans. Highly specialized industrial robots are widely employed in
factories, and robots, like drones and vacuum cleaners, become more and more popu-
lar in consumer electronics markets. General humanoid robots possess an even greater
potential in future application of robotics.

There are several reasons why we might want to develop robots with humanoid form.
An important reason for creating robots in the anthropomorphic form, is the interaction
with humans. A robot may gain experience through interactions with humans[68, 108,
109]. If a robot has humanoid form, humans will feel more natural to interact with the
robot. For example, if a human-like robot is able to synthesize emotion by eye move-
ments, body language etc., it may use the human body language in its communication
with humans. The robot may learn the human body language through a large number of
interaction with humans.

A second reason for building a humanoid form robot, stands on firmer ground. The
human-like body is suited for daily use in human-inhabited environment where stairs,
narrow corridor, door handles and so on are designed for humans. A robot with an-
thropomorphic shape, which can employ hand-like actuators to manipulate the objects,
can take advantage of these human-oriented designs. The benefits of the adaptation to
human environments is not limited to the hand. Legs also are paramount for practical
application of robots. Compared to the wheeled robot, which are able to move in a high
efficient way on even surfaces, humanoid robot with legs are capable of stepping across
the obstacles on uneven terrains. Last but not least, humanoid robots can be used as a
new platform to test certain level of human intelligence or develop medical prosthesis
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and exoskeletons, because of the same biometric way the robot has been built. However,
addressing all of the above areas exceeds the current cutting-edge knowledge in robotics.

Figure 1.1: The fictional evolution roadmap of robots. (Copyright by Ryan Etter)

1.2. HISTORY AND STATE OF THE ART
In the field of humanoid robots, significant progress has been made in many aspects,
such as the design of hardware platform and the control of bipedal systems. In this sec-
tion we highlight several important developments in bipedal robot walking. We mention
developments in walking pattern generation, stability control and illustrate this with ex-
amples of robots that apply these techniques. Table 1.1 lists some milestones in the de-
velopment of humanoid robots.

Seven types of robots can be distinguished based on the applied method of stability
control and walking pattern generation.

• The static walker

• The fully-actuated dynamic walker

• The passive dynamic walker and the under-actuated dynamic walker

• The walker based on zero dynamics

• The walker based on virtual model control

• The walker based on coupled neural oscillators

• The human-inspired walker

The static walker uses a static stability criterion to ensure the that robot does not fall.
A static stability criterion requires that the robot’s center of mass is always within the
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Table 1.1: The information of several milestone humanoid prototypes since 1970

Model Released year Features

WABOT-1 1970 The world’s first full-scale hu-
manoid robot.

McGeer’s passive walker 1990
A biped walker with knees could
walk passively on a down slope.

P1 1993
A robot with upper limbs
to pick up and carry ob-
jects.(Figure.1.2(d))

ASIMO 2000
Running, and hopping on one leg
or both legs.

HRP series 2002
A light-weight full-sized biped
walking robot.

KHR-1 2004
A programmable bipedal hu-
manoid robot with external
disturbances rejection.

Flame 2007
3D robot with elastically actuated
joints and the ability to do side-
ways foot placement.

Nao 2008
An affordable mass-produced
biped robot, the standard plat-
form in SPL.

Atlas 2013
Specialized for mobile manipula-
tion and walking over a wide range
of terrain.

area on the ground that supports the foot/feet which is/are on the ground. The static
stability guarantees stability if acceleration forces are small enough to be ignored.

The most of static walkers were build in the initial stage of the development of hu-
manoid robots. These robots were heavy and slow due to the limitation of the hardware
design, the lack of advanced motors, and the use of a static stability criterion. One of
the first bipedal robots in this type is WABOT-1 (Figure.1.2(a)), which was developed in
1970 by the researchers from Waseda University Japan. WHL-11 (Figure.1.2(b)) is an-
other biped robot of this type, developed by Kato et al. [66], which is capable of static
walking on a flat surface. The robot needs 10 seconds to finish a step. Despite of the slow
motion, the robot made a stable walk of 40 kilometers in 6 months.

An important step in stability control was made 1972 when Vukobratovic proposed
the zero moment point (ZMP) stability criterion [157]. The ZMP stability criterion makes
it possible to take the accretion forces of a moving robot into account. It allows for the
development of robots that can walk with much higher speeds than those using a static
stability criterion. An important requirement of the ZMP stability criterion is that the
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(a) WABOT-1 (b) WHL-11 (c) P1 (d) Cornell’s walker

Figure 1.2: Some pioneer prototypes of humanoid platform.

robot has full actuation and control over each degree of freedom. Therefore, such a robot
is called fully-actuated dynamic walker. The fully-actuated dynamic walker can control
its motion along a desired joint trajectory.

Robots with actuation and control of all joints have been developed by researchers,
and by companies. For example, the P series and ASIMO (Figure 1.3(a)) [62] developed
by HONDA, the Wabian series developed by Waseda University (Figure 1.3(b)), the HRP
series [78, 80, 81] built by Japanese National Institute of Advanced Industrial Science
and Technology (AIST) (Figure 1.3(c)), KHR series (Figure 1.3(d)) is the latest prototype
HUBO2) from Korea Advanced Institute of Science and Technology (KAIST), Atlas de-
veloped by Boston Dynamics (Figure 1.3(f)), the robot H6 [117] and H7 (Figure 1.3(g))
[89] from University of Tokyo, Jonnie and Lola (Figure 1.3(h)) [96] from the Technical
University of Munich, Sony’s Qrio (Figure 1.3(i)) [69], and the Nao (Figure 1.3(j)) robot
manufactured by Aldebaran. The latter is the platform used in this research.

The generation of a walking pattern using ZMP stability criterion can be realized by
using an accurate physical model of the robots. Such approaches are usually compu-
tational expensive. Another approach to generate a walking pattern uses an abstract
model of the robots, such as an inverted pendulum. To compensate for the lack of an ac-
curate physical model, feedback control is used. An important contribution to the walk-
ing pattern generation based on feedback control is the linear inverted pendulum mode
(LIPM), which was proposed by Kajita and Tan in 1991 [77]. The 3D linear inverted pen-
dulum mode (3D-LIPM) described by Kajita et al. in 2001 [74] is used in several robots
such as the Nao robot.

Another parallel development started in 1990 when McGeer published his paper about
a passive dynamic walker. McGeer showed that it is possible to create a bipedal root that
can walk down a slope without actuators and without stability control [100]. Although
the gait of the passive dynamic walker is stable, the robot is not in a stable state during
a step. McGeer implemented a passive dynamic walker as 2D walker without [101] and
with knees [102]. An advantage of robots based on McGeer’s passive dynamic walker is
the low energy consumption compared to robot that use the ZMP stability criterion and
the absence of a controller ensuring the stability of the robot.

After McGeer, several researchers have presented their work on passive dynamic walk-
ing. Goswami et al. [52] studied dynamic characteristics of a simple compass-type biped
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(a) Asimo (b) Wabian-2 (c) HRP4 (d) HUBO2 (e) Flame (f) Atlas

(g) h7 (h) Lola (i) Qrio (j) Nao

Figure 1.3: Several modern prototypes of humanoid robots developed by companies and institutes.

mechanism on inclined plane as limit cycle. Garcia et al. [45] performed the simula-
tion studies on fully passive models and showed the models have stable cyclic motion.
Collins et al. [28] built the first three-dimensional, two-legged passive dynamic walk-
ing machine with knees (Figure.1.2(c)). Van der Linde [155] built another prototype,
which extended the passive dynamic walker, by introducing pneumatic artificial McK-
ibben muscles. These muscles behave like springs of which the stiffness can be varied.

The success of the passive dynamic walker motivated researcher to develop a par-
tially passive dynamic walker, for which the objective is to use minimal actuation (most
of joints are passive) and control to achieve highly efficient walking on flat ground. Ex-
amples of machine designs based on passive walkers, extended with low-power actu-
ators as the energy source rather than gravity, are the Cornell biped robot develop at
Cornell University [26], and Flame developed at Delft University of Technology (Figure
1.3(e)). The features of these robots are that they use less control hardware with less
energy to achieve a more natural gait than fully-actuated counterparts. Though robots
based on the passive dynamic walker have drawbacks such as a limited range of walking
motions and inadequate robustness of control, they generally excel in the energy effi-
ciency compared to the fully-actuated counterparts.

The walker based on zero dynamics uses control theory for non-linear systems to
control an under-actuated walker [19, 21, 22]. The reason for studying under-actuated
walkers is because (1) fully-actuated walking cannot recover from large disturbances,
and (2) human walking has under-actuated phases because rolling over the foot and the
toe-off. The walker based on zero dynamics assumes that the robot has point feet, which
can be realized by either removing the feet or by using freely rotating ankle joints. To
control the resulting non-linear system, an accurate model of the dynamics of the whole
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(a) RABBIT (b) MABEL (c) MARLO (d) ATRIAS (e) HUME

Figure 1.4: Dynamic walkers with pointy feet: (a) RABBIT, (b)MABEL, (c)MARLO, (d)ATRIAS, (e) HUME

robot is needed. A controller based on zero-dynamics is used to control the stability of
the model.

Several research institutions have developed this kind of robots, such as RABBIT built
as part of the French National Project ROBEA ((Figure 1.4(a)), MABEL engineered in 2009
by researchers at the University of Michigan ((Figure 1.4(b)), MARLO and ATRIAS from
Dynamic Legged Locomotion Lab at Oregon State University ((Figure 1.4(c-d)), HUME
commissioned by UT Austin ((Figure 1.4(e)), etc.

Beside the four types of walkers described above, there are currently a few other ap-
proaches that have been used to build a dynamic walker. The walker based on virtual
model control [125] is one such an approach. It has been used to build a planar walker1.
The idea is to add virtual components, consisting of springs and dampers, to the robot
model and translate the forces generated by the virtual components to torques by the
robots joints. For instance a spring-damper that keeps the robot’s body at a specified
hight and a spring-damper that pulls the robot forward with a constant speed.

Another approach is the walker based on coupled neural oscillators [38, 39]. Neural
oscillators that produce oscillating signals, are used to control the robot’s joints. By cou-
pling the oscillators of different joints, a walking pattern is generated. The approach has
been tested on a planar walker.

A last approach that we mention here is the human-inspired walker. The human-
inspired walker uses observations of human walking patterns to generate walking pat-
terns for robots [2–4, 165, 166]. Moreover, zero dynamics is used in the generation of the
walking patterns. The resulting walking patterns have been evaluated on a real robots,
such as the Nao robot.

1.3. BIPED WALKING AND ITS CHALLENGES
The development of the humanoid robots provides the robot companies and research
institution with an effective means to show their technological disposition. It is expected
that the human-like form of locomotion (i.e. biped walking) will also prove useful, espe-
cially in environments that are designed for humans, which makes a humanoid robot a
more versatile machine. The quality of biped walking, such as velocity, flexibility, etc. has

1A planar walker is a robot that is stabilized in the lateral direction by some external devise.
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a great impact on the applicabilities of humanoid robots, and therefore deserves major
research investments.

A biped, a class of walking robots that imitates human locomotion, is an open kine-
matic chain consisting of two sub-chain legs that connected at a hip joint. When only
one leg contacts with ground, the contacting leg is referred to as stance leg and the other
one is called the swing leg. The end of leg is called foot, whether it has a foot or not. The
single support phase (SSP) is defined as the phase of locomotion where only one foot is
on the ground. The double support phase (DSP) is defined as the phase of locomotion
where both feet are on the ground. Therefore, biped walking cycle can be defined as
alternating phases of single and double support.

Biped walking for humanoid robots is one of the important challenges in robotics.
Over the past decades, certain specific aspects of the biped walking research have emerged
which have accumulated considerable research interests. Much research and funding
has been put into biped robots, which has resulted in several successful machines, but
most of them have never been outside a laboratory. This is mainly due to the fact that the
control of a biped machine is a very complex issue. We can categorize these difficulties
into following challenges:

1. Non-linear dynamics and kinematics:

The highly non-linear dynamics and kinematics of the humanoid robot is one of
the major challenges. The non-linear feature of the dynamics and kinematics re-
quire the complex models to accurately describe the locomotion, which is not al-
ways feasible. Besides, modeling the dynamics is difficult because the dynamics
changes in the different support phases, i.e. the single support phase and the dou-
ble support phase.

2. Robustness in unknown and dynamic environment:

To enable robust locomotion in unknown and dynamic environment, robot needs
to identify a collision-free path from the current to the target position. This can
be achieved by combining the robot’s walking control with a computer vision sys-
tem capable of recognizing obstacles to choose a viable path, or with inertial and
force sensors capable of providing essential data about the robot’s real-time state
for balance state recovery. This thesis does not address of computer vision. How-
ever, to enable autonomous locomotion, the real-time control system must supply
information about the robot’s state and be able to execute continuously changing
commands while walking.

3. Behavioral Complexity:

The motion of Biped walking is a complex set of combined motion sequences,
especially in a flexible and highly maneuverable robotics system. The essential
motions of the walking, such as turning, acceleration, de-acceleration, stopping,
require accurate and real-time motor control, which normally is combined with
sensory input and high level cognition.

4. High degrees of freedom:
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Humanoid robot is a high DOF system. For example, Honda ASIMO has 34 DOF,
and HUBO2 has total 40 DOF. When we wish to implement locomotion behaviour
on humanoid robots, controlling high DOF is an important issue.

Besides these challenges, this work will focus on two other difficulties of the biped
walking, namely stability and energy efficiency.

1.3.1. STABILITY
Humanoid robot employ legs for intermittent contacts with ground to propel and sustain
themselves. This makes the biped walking an unstable locomotion and therefore the
robustness of the walking strategy is a paramount feature.

There are a few mechanisms that are widely used in stabilizing biped locomotion,
such as Foot Rotation Point (FRI) [51], Central Pattern Generator (CPG) based approaches
[6, 91, 116, 128], force-torque controlled approaches [147, 148], reflex-like mechanisms
[121], etc. The probably most well-known approach to control the walk behaviour and
balance of a robot is manipulation of the concept of the Zero Moment Point (ZMP) [157].
The ZMP is a point on the ground where the resultant of the ground reaction force acts
(see Subsection 3.3.2). The stability of a locomotion can be guaranteed when the ZMP is
within the convex hull of the support area of the robot. The state of the art humanoids
such as: ASIMO [133], HRP-4 [81] and HRP-3 [80] make use of the ZMP concept. One of
drawbacks of ZMP arises from the need to have the whole foot in contact with a flat sur-
face. Besides, this method requires the full model of the robot and the environment to
be known. It is not easy for a humanoid robot to directly manipulate the ZMP. Therefore,
control methods have to be developed to indirectly influence the ZMP so that it stays
within the stable region.

1.3.2. ENERGY EFFICIENCY
Since the biped robot need to carry its energy source and since the capacity of the source
is limited, a low energy consumption can directly contribute to a longer working dura-
tion. Especially, advanced biped robots consume more energy for motion control, com-
pared to other kind of mobile robots [7]. The necessity of energy efficiency has been
recognized by the research community and is an important research topic.

There exists a type of biped walker called passive walker [101] that is able to trade
the potential energy at the upper part of the slope for energy losses during walking. The
most fundamental cause of the energy losses are impact and friction, primarily between
the feet and the ground. Because it needs no energy for stabilization or control, the
walker operating passive dynamically can be energy efficient. Inspired by the simple
passive biped model, [52] and [28] present their results of low energy gait for more com-
plex robots. To be able to walk over level ground minimal actuation is provided, just
enough to overcome friction when walking on level ground [152], like the Delft biped
Denise [26].

Another attempt to optimize the energy consumption of the biped robot is the intro-
duction of compliant actuators. Experiments [15] show that in human locomotion the
compliance is used to store energy during early stance and then recovering it near the
end of stance. This makes it possible for the whole body to operate in an efficiency way
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during the locomotion. The compliant joint can store motion energy, reduce control ef-
fort and absorb shocks. Similar to human locomotion, it is evident that compliance joint
can play an important role in biped robot locomotion.

There are two main methods to achieve compliance in biped robot: passive com-
pliance (physical springs installed on joints) and active compliance (conceptually the
same as stiffness control) created by the motors [159]. Dallali et al. [30] developed a hu-
manoid robot COMAN equipped with passive compliance in the major joints of the legs
which provide shock protection, locomotion robustness and energy efficiency. Choi et
al. [23] discuss the design of a passive variable compliance actuator using leaf springs.
Active compliance can be achieved through the joint actuation via a controller. Torque
or force feedback can be used to bring compliance to the manipulator. It is mainly soft-
ware based and can be applied to different applications. Lefebvre et al. [95] contribute a
literature survey on active compliant motion.

Some researchers synthesize the energy-efficient walking gait by optimization. To
extend the minimum-energy walking method to flat ground and uphill slopes, Channon
et al. [16] proposed methods of gait generations by minimizing the cost function of the
energy consumption. Westervelt et al. [161] used Bézier polynomials to approximate
the actuated joint trajectories. The optimization was to minimize a energy cost function
that satisfies several constraints. Chevallereau et al. [20] used four-order polynomials for
the joint leg coordinates to avoid the use of the inverse dynamic model. The polynomial
coefficients are the optimisation variables for torque cost.

A different approach focusing on minimizing energy consumption is the imitation
of human motions. Collins and Ruina [27] assume that the gait of humans is the most
energy-efficient way of walking. Srinivasan and Ruina [140] confirmed this hypothesis
using a simple model in which the human is a point mass with straight legs that can
change in length during a step. Their results show that the dynamically stable inverted
pendulum walk without an area of support is the most energy-efficient gait. We will
demonstrate in Chapter 4 that this also holds for humanoid robots, despite differences
with humans.

1.4. PROBLEM STATEMENT AND RESEARCH QUESTIONS
In the previous sections we categorized several challenges about the motion control of
the biped walking and described some solutions for resolving these issues. Furthermore,
we highlighted several key areas of interest which have been establish as the focus points
of research. This thesis focuses on two of these key areas, namely stability of biped walk-
ing in unknown environments and energy efficiency of the biped locomotion. The fol-
lowing problem statement will guide the research:

Problem statement How to synthesize a biped walking gait with energy efficiency and dy-
namical stability on a humanoid robot with high degrees of freedom on uneven terrains?

We identify six research questions which guide the research with regards to the prob-
lem statement. The questions address the problems of (1) dynamics model, (2) energy
efficiency of locomotion in sagittal and lateral direction, (3) lateral stability, (4) controller
design, (5) gait optimization on level ground, (6) gait optimization on uneven terrains.
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Research Question 1: Can the planar inverted pendulum model be used to create a bipedal
gait with a high energy efficiency?

To solve the problem of biped locomotion from an analytic perspective, it is advan-
tageous to obtain an elemental representation of the dynamics of the robot described by
sets of simple equations. The prevailing approach employed to model the kinematics of
the biped locomotion is the (linear) inverted pendulum model. However, this model is
used to analyse gait stability but not energy efficiency. Our research aims at using the
inverted pendulum model for both gait stability and energy efficiency.

Research Question 2: What is the influence of the double support phase on the biped gait
in the sagittal plane?

The double support phase plays an important role concerning the energy efficiency
and the stability of a biped gait. Our research aims at extending planar inverted pendu-
lum model with a double support phase that will have influence on the dynamics of the
sagittal locomotion. The extended model is used to analyse the effect of the force gen-
erated by the swing leg during the double support phase on the dynamically stable and
energy efficient gait.

Research Question 3: What are the requirements of a double support phase with respect
to lateral stability of a gait?

The introduction of double support phase not only influence the sagittal stability but
also the later stability. Our research aims at developing a novel approach at addressing
the lateral stability issue in the double support phase.

Research Question 4: How to design the controller for gait generation?

The control of biped locomotion is difficult because biped are high-dimensional dy-
namical systems. Common approaches to design the locomotion controller include: (a)
the use of passive walker as a starting point for the design of active walkers; (b) the use
of "zero moment point" control; (c) the use of a fixed control architecture and applying
parameter search to find the parameter settings that yield successful walking gaits; and
(d) the development of feedback laws based upon insights into balance and locomo-
tion. However, these approaches imposes several issues, for example the contradictory
goal including energy efficiency and robustness. Our research aims at developing a gait
controller on a Nao robot for walking on level ground that implements the dynamically
stable and energy efficient biped gait that was identified using the inverted pendulum
model.

Research Question 5: How to optimize the energy efficiency for the walk gait on flat floor?

Since the inverted pendulum model is an abstraction of a real robot, our controller
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has several parameters that needs to be fine tuned. The optimal setting of the parame-
ters is determined by a fitness function that measures both the stability and the energy
consumption of the gait. Energy efficiency and stability are sometimes contradictory re-
quirements. Our research aims at optimizing both energy efficiently and stability of a
gait on level ground, where the stability has priority over the energy efficiency.

Research Question 6: How to optimize the stability of the walking gait on uneven ter-
rains?

Uneven terrains are tests-bed for controller robustness since they represent situa-
tions in which the robot faces changes in the environment that are unexpected and hard
to model. The complexity of the uneven terrains brings great challenges w.r.t. the sta-
bility of a biped gait. In order to improve the stability of the proposed gait in outdoor
environments, our research aims at optimizing the controller for uneven terrains while
keeping the energy cost low and stability high.

1.5. THESIS OVERVIEW
This thesis is divided into seven chapters. Chapter 1 provides a brief introduction to the
field. It presents the problem statement and research questions that have been posed
to approach it. Chapter 2 reviews the hardware features and the electronic architec-
ture of humanoid Nao robot. Moreover, we describe the methods used to solve the for-
ward/inverse kinematic problem. Chapter 3 gives a brief overview of existing research
about kinematics models for humanoid robots, stability criteria and various approaches
to obtain energy efficient bipedal walking. Chapter 4 answers the first three research
questions. We introduce a prevailing model to describe the dynamics for humanoid
robots and use the Inverted Pendulum Model (IPM) to investigate the energy consump-
tion in the sagittal plane. Subsequently, we extend the model to the frontal plane.

Chapter 5 answers the fourth and fifth research question. We describes a gait con-
troller with multiple parameters for a 3D full-body humanoid robot. The controller can
achieve an energy efficient and stable gait on the level ground after we optimize the con-
troller parameters through Policy Gradient Reinforcement Learning (PGRL). Moreover,
it presents the experiments used to evaluate the stability and the energy consumption.
The improved energy efficiency is demonstrated through the comparison of our pro-
posed gait with the original gait supplied with the Nao robot. Chapter 6 gives the answer
to the sixth research question. Our approach aims to enhance the dynamical stability
of biped gait on uneven terrain. Chapter 7 concludes this paper. It also gives possible
directions for future work.
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2.1. INTRODUCTION OF NAO ROBOT

T HE study of the special features of the robotic platform employed is paramount in
the design of the gait. Some physical details of different robot platforms (for in-

stance, the special design of joints, the number of degrees of freedom, etc.) should be
considered when we implement a walking pattern generator on a real robot. In this
chapter, we first review the hardware specifications of the humanoid Nao, which is the
robot platform we employed in our experiments, and we analysed the performance of
its actuators, sensors and central processor. We also discuss the software architecture of
the Nao robot. Moreover, we introduce the basic knowledge about the kinematic chains
with multiple degrees of freedom, including the calculations required to solve the for-
ward kinematics problem, the affine transformations and the Denavit-Hartenberg (DH)
parameters. Finally, we discuss the inverse kinematics problem of mapping from the
three-dimensional space to the joint space.

2.2. HARDWARE SPECIFICATION
The robotics platform we used for this work is the humanoid robot Nao version 5, devel-
oped by Aldebaran Robotics company. The Nao robot is 57.4 cm tall and weights 5.4 kg.
The Nao robot has a body-mass index (BMI) of about 13.5 kg/m2, which means that it
is very light compared to other existing robots of the similar size [54]. Table 2.1 lists the
BMI values of different popular humanoid robots used for experiment with advanced
robotics algorithms. Compared to the heavy robots, the light-weight benefits the per-
formance of robots in many aspects, for instance, high load-to-weight ratio, increased
flexibility and low power consumption [94, 164].

2.2.1. CONFIGURATION
The employed Nao robot has total 25 degrees of freedom (DOF) (see Table 2.2). There
are 11 DOF in the legs and pelvis, and 14 DOF for the upper part that includes torso,
arms and head. Each arm features 2 DOF at the shoulder, 2 DOF at the elbow, 1 DOF at

13
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Figure 2.1: Aldebaran Nao humanoid robot

Table 2.1: BMI of different functional humanoid robots

Model Height(m) Weight(kg) BMI(kg/m2)
ASIMO[61] 1.3 54.0 32.0
HRP-3[80] 1.6 68.0 26.5
KHR-3[118] 1.25 55 35.2
Nao[55] 0.57 4.5 13.5
KHR-2HV[97] 0.35 1.3 10.9

the wrist and 1 additional DOF on the hand. Each leg has 2 DOF at the ankle, 1 DOF at
the knee and 2 DOF at the hip. The head can rotate around yaw and pitch axes. Figure
2.2 shows the kinematics details. In addition, a special mechanism (see Figure 2.3) com-
posed of two coupled joints at each hip equips the pelvis. The rotation axis of these two
joints are inclined at 45± towards the body. The special structure requires only one motor
to drive the pelvis, which allows to reduce the building cost and save space in the narrow
pelvis joint. Another special design of the Nao is its foot sole, which does not feature any
passive or active joint (toe) that would enhance the speed and stability of the gait [154].

2.2.2. SENSORS
For a Nao to interact with its environment, the robot carries a fully capable multimedia
system, which includes four microphones (for voice recognition and sound localization),
two loudspeakers (for multilingual text-to-speech synthesis) and two cameras (for com-
puter vision, including facial and shape recognition). Each camera provides a maximum
resolution of 1280£960 at 30 frames per second. The robot features an inertial measure-
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head yaw

head pitch

shoulder pitch
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Figure 2.2: Kinematics of a Nao robot.

motor
45° 45°

Pelvis

Figure 2.3: Coupled inclined axis rotary joints for the Nao pelvis

ment unit (includes accelerometer, gyrometer) and four ultrasonic sensors that provide
Nao with the information of its attitude and position within space. In addition, four force
sensitive resistors (FSR) with a working range from 0 N to 25 N are located on the cor-
ners of each foot. Two bumpers located at the front of each foot can provide information
on collisions of the feet with obstacles. One pair of infra-red sensors (transmitter and
receiver) provide the Nao robot the features of remote-control and infra-red communi-
cation between two robots (see Table 2.3).
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Table 2.2: DOF names and the joints range of the Nao humanoid robot

Body part DOF Range(deg)

Head
head yaw -119.5 to 119.5

head pitch -38.5 to 29.5

Left leg

pelvis(incline 45±) -65.62 to 42.44
hip roll -21.74 to 45.29

hip pitch -88.00 to 27.73
knee pitch -5.29 to 121.04
ankle pitch -68.15 to 52.86
ankle roll -22.79 to 44.06

Left arm

shoulder pitch -119.5 to 119.5
shoulder roll -18 to 76

elbow yaw -119.5 to 119.5
elbow roll -88.5 to -2
wrist yaw -104.5 to 104.5

Left hand hand open and close

Right leg

hip roll -45.29 to 21.74
hip pitch -88.00 to 27.73

knee pitch -5.29 to 121.04
ankle pitch -67.97 to 53.40
ankle roll -44.06 to 22.80

Right arm

shoulder pitch -119.5 to 119.5
shoulder roll -76 to 18

elbow yaw -119.5 to 119.5
elbow roll 2 to 88.5
wrist yaw -104.5 to 104.5

Right hand hand open and close

Inertial Measurement Unit The acceleration and rotational speed is important infor-
mation to maintain the balance of robot. To measure these two variables, Nao is equipped
with an inertial measurement unit that consists of a three-axis accelerometer and a three-
axis gyrometer. According to the manufacturer’s specifications, the accelerometer has
1% precision in the range of ±2G accelerations and the gyrometer provides 5% precision
for an angular speed range of ±500 ±/s. The main force measured by this accelerometer
is the force of gravity, which is a constant value with high magnitude pointing down-
wards. The inertial forces that apply on the torso caused by the locomotion of the robot
can be measured by this accelerometer too.

Current Sensor Every motorboard has a current sensor for each motor to measure the
absolute value of the electric current. The sensor itself is a shunt resistor. The magnitude
of electric current in this thesis is mainly used to calculate the power usage of joints
to evaluate the energy cost of a walking gait. Besides, the electric current value of the
motor is used to estimate the motor temperature, which is used to protect the motor.
The magnitude of the current on the joint is directly related to the motor type and the
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Table 2.3: Sensors equipped in the Nao robot

Type number
Microphone 4
Loudspeaker 2

CMOS video camera 2
Accelerometer 3

Gyrometer 3
Ultrasonic sensor 4

Force sensitive resistor (FSR) 8
Foot bumper 2

Infra-red sensor 2

joint stiffness, which will be discussed in next section.

2.2.3. COMPUTER HARDWARE
The Nao is equipped with two processors. An ARM 9 processor located in the torso dis-
tributes information to all the actuator and sensor modules. One Intel ATOM Z530 1.6
GHz CPU motherboard with 1 Gb RAM is located in the head. The CPU manages the
video, audio, network and other advanced modules. An additional 2 Gb flash memory
and 8 Gb Micro SDHC are also available. The user can communicate with the robot
through the WiFi 802.11g protocol and the Ethernet port in the back of the head.

Customized circuits based on Microchip 16 bit dsPICs micro-controllers are used
for the sensor management, the actuator control and the bus control. Each motor has
a micro-controller equipped with magnetic rotary encoders (MRE) that can output the
12 bits precision value (from 0 to 4095) of the angle on the joint, which is mapped to
values in [0, 2º]. One micro-controller connected to the ARM9 processor, is dedicated
to acquire signal from the IMU housed in the Nao’s chest. Four force sensitive resistors
(FSR) on each foot also have a micro-controller. Figure 2.4 shows the overall electric
architecture of the system.

2.3. SOFTWARE ARCHITECTURE
A high-level description of the software architecture for the Nao robots is shown in Fig-
ure 2.5. NaoQi is the Aldebaran Robotics software framework that is a modular and dis-
tributed environment that can deal with user customized executable binaries. It pro-
vides access to the electronic devices, such as joint encoders and the IMU. It also provide
interfaces to modify the joint angles and stiffness. Sensory feedback is handled similarly,
allowing users to retrieve data from a variety of sources such as the on-board cameras,
FSRs, IMU and the ultrasound microphones. When the NaoQi starts, it loads necessary
libraries. A library contains modules which advertise their methods (depicted in Figure
2.6). The bipedal walking and other locomotions are implemented by executing one or
more modules in the NaoQi.

The Nao v5 uses NaoQi version 2.1.4. The motion module provided by NaoQi ver-
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Figure 2.4: Electric architecture of the humanoid Nao robot [54]

sion 2.1.4 allows only limited control of the Nao’s gait, which is further reduce in NaoQi
version 2.8 provided used by the Nao v6. In the NaoQi system, when the motion module
is activated, a Linear Inverted Pendulum gait with user defined speed is the only option.
The module does not allow for directly controlling the angles at a high updating rate on
every joint. When developing a new gait, one must be able to control every joint directly.
Therefore, we created a new walking module to generate the required omni-directional
motions. This module uses Lua script as a common development platform to interface
with other modules. Low level interactions to the hardware level are implemented as
compiled C libraries in conjunction with the Nao’s on-board micro-controllers. We uti-
lize C++ for low level interaction with hardware, Lua scripts for proposed walk module
and Webots 8.2 1 for simulation purposes. The walk module generates trajectories for the
robot’s joints based upon desired translational and rotational velocity settings. More-
over, IMU feedback is used to adapt the commanded joint angles and phase of the gait

1Webots is a robot simulator developed by Cyberbotics Ltd. It can provide a complete development environ-
ment to model, program and simulate Nao robot.
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Figure 2.5: The software architecture of the humanoid Nao robot up to NaoQi 2.1.4.

cycle to improve stability during locomotion. In this way, minor disturbances such as
carpet imperfections or bumping do not cause the robot to fall over.
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Figure 2.6: NaoQi loading modules to form a tree of methods attached to modules
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2.3.1. THE NAOQI DISTRIBUTED ARCHITECTURE

NaoQi is the default main software that runs on the robot and controls it. The advantages
of the distributed environment are various. It allows users to run behaviours locally or
remotely. Robot functionalities such as motion, vision, text-to-speech, etc., can be run
on a robot in the same executable or in a standalone executable that interacts with other
modules on other computers. Development is made easier in a distributed environment
since the same code can be compiled on different platforms and cross-compiled for em-
bedded execution. A distributed environment also allows a user to look at variables and
running methods on any real or simulated robot from the programming interfaces.

NaoQi provides many useful functionalities for development. For instance, a user
can control a real robot or simulate one with many languages, such as C++, Ruby, Urbi,
Python and Matlab. The user can choose whether to compile an application as a dy-
namic library or as an executable without changing source code. NaoQi is also a multi-
platform framework that supports Linux, Windows and macOS.

The architecture is event-driven which can promote the production, detection and
reaction to state changes of the robot. For example, when the robot is about to fall, the
robot’s state changes from "stand" or "walk" to "fall". The NaoQi system architecture
may treat this state change as an event which occurrence can be made known to other
applications or modules in the architecture if they subscribe to the events in the central-
ized memory "ALMemory". An event subscription starts the execution of the "Extractor"
that generates the event. For example, subscribing to the event FaceDetected launches
the face detection module. Subscribing to the event WordRecognized starts the execu-
tion of the speech recognition module.

A module can be either remote or local. If it is remote, it is compiled as an executable
file, and can be run outside the robot. Remote modules communicate using the network
which limits the speed of accessing local modules (direct memory access for example).
Remote modules are easier to use and can be debugged easily on the external computer,
but are less efficient in terms of speed and memory usage.

Another type of module is the local module, which is compiled as a library, and can
only be used on the robot. Local modules launched in the same process can share vari-
ables and call each other’s methods without serialization or networking. This allows the
fastest possible communication between them. Therefore, they are more efficient than
remote modules. Each module contains various methods. Among them, some methods
can be called from the other modules. There are two different ways to access other mod-
ule’s methods. If two modules require to access each other’s methods, in other words,
they ask for a mutual communication, they can establish a connection in Broker-to-
Broker way, so that modules from both brokers can talk to each other. The another way
is to establish a Proxy to Broker connection which opens a single way of communication
between modules. It only allows one module to access the other one and not vice versa.
Figure 2.7 illustrates the process of the module communications.

Though NaoQi has many advantages for development (such as it is cross-platform,
cross-language, etc.), it is designed for general purpose. Therefore, NaoQi does not pro-
vide the functionality of fine-tuning the specific actuator values (angle, angular veloc-
ity) in milliseconds which is necessary for developing a new gait. Therefore, we have to
design a tailored framework to implement the interactions with the hardware. The in-
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teractions are implemented using compiled C libraries in conjunction with custom con-
trollers or NaoQi to allow for the motor position control and motor stiffness setting. Data
retrieved from sensors is also possible, allowing users to get data from various built-in
sensors such as the IMU, force sensitive resistors, etc.
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module

Module
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ALMemory

ExtractorExtractor
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tion
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Figure 2.7: The communication process between remote and local modules

2.3.2. THE DEVICE CONTROL MANAGER (DCM)
The DCM is Nao’s real time module that is linked as a library. It is in charge of the com-
munication with the electronic devices of the robot except the sound sensors and the
video cameras. It can be seen as the link between the high level software composed of
other modules, and the low level software that is embedded inside the electronic boards.
The DCM has two main purposes: sending commands to actuators and updating ac-
tuator/sensor values. The DCM gets information from the electronic devices through
the motherboard and also accesses devices located in the head. In case of actuators,
modules need to send an update request to the DCM using a timed command. A timed
command is an order containing a float number to be sent to an actuator and the time
at which the order should be executed. More than one timed command can be included
in the same request. The time is an absolute value in milliseconds based on the system
time. The DCM stores all timed command for each actuator, then at each 10-millisecond
cycle it analyses the previous and next orders based on the current time and computes
the appropriate command to send, using a linear interpolation.
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2.3.3. ACTUATOR STIFFNESS
Actuator accuracy in the movements execution mainly relies on the following two fac-
tors: stiffness of the joints, and flexibility of the body parts. Since the body parts of Nao
robot are made of a relatively rigid plastic material, we will focus on the stiffness of the
joints as the dominant factor that determines the accuracy of the movements.

The stiffness of an actuator, which indicates the resistance to deviate from the refer-
ence position under the action of a force, is a crucial factor for stabilising the intended
limb movement against disturbances. Stiffness of the joint is quantified as a proportion
of the max power: 0.0 means 0% and 1.0 means 100% of the full power. In the motor-
board, this proportion is directly applied to the maximum current. Setting the Stiffness
to 0.5 means that the electric current limitation is reduced to 50%. If the Stiffness is less
than 0, the motor is free (no electromagnetic break). The command to set the stiffness is
sent to the motor board every DCM cycle time.

The advantage of having stiff joints is that they can track trajectories accurately. For
example, the conventional ZMP tracking schemes require precise joint position tracking
which is guaranteed in robots with stiff actuation and rigid links. However, stiff actuation
does make the system more sensitive to external disturbances (due to collisions, impact,
uneven terrain, etc.). Moreover, the stiffness of a joint is directly related to the torque that
the motor delivers. Therefore, stiff joints involve a higher energy consumption and re-
quire more expensive motors. For some other biped humanoids, the sensitivity to distur-
bances and the high energy consumption are reduced by introducing compliant joints
[1, 65]. Compliant joints reduce the stiffness to allow for smoother movements, and are
good at absorbing external or internal disturbances. Hence, the compliance inherently
improves the stability performance in terms of impact absorption compared to stiff leg
systems. The joint stiffness tuning is a critical element in the performance of compliant
systems. A low level of stiffness is preferred by some authors [90]. They choose a stiff-
ness of 0.7 for legs (except ankles) and 0.3 for the head and the arms. The reason for the
low value in the head and the arms is, first, they do not need to hold any weight during
normal operation of the robot, and second, they are more elevated and thus exposed to
greater damage in the event of impact against the ground.

2.4. KINEMATICS
To achieve a walking gait with a bipedal robot, not only the hardware and software of
the robot but also the kinematics need to be investigated. The kinematics in robotics
refers the analytical study of the motion of a robot manipulator. Formulating a suitable
kinematics models for a robot is very crucial to analyze the behavior of the robot. There
are mainly two different spaces used in kinematics modeling namely, Cartesian space
and Quaternion space. The transformation between two Cartesian coordinates systems
can be decomposed into rotations and translations where homogeneous transforma-
tions based on (n + 1)£ (n + 1) real matrices (orthonormal matrices) in n dimensional
Cartesian space have been used most often in robotics. Although quaternions consti-
tute an elegant representation for rotation, they have not been used as much as homo-
geneous transformations by the robotics community. This section also introduces the
coordinate system used in depicting the position and orientation of the robot and its
manipulator in relation to itself and the environment.
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The robot kinematics can be divided into forward kinematics and inverse kinemat-
ics. Forward kinematics problem is straightforward and there is no complexity deriving
the equations. Hence, there is always a forward kinematics solution of a manipulator.
Denavit and Hartenberg [32] showed that a general transformation between two joints
requires four parameters. These parameters known as the Denavit-Hartenberg (DH) pa-
rameters, have become the standard for describing robot kinematics. Inverse kinematics
is a much more difficult problem than forward kinematics. The solution of the inverse
kinematics problem is computationally expansive and generally takes a very long time in
the real time control of manipulators. Singularities and non-linearities make the inverse
kinematics problem more difficult to solve.

2.4.1. AFFINE TRANSFORMATIONS
An affine transformation is a mapping described by linear affine equations that trans-
forms points, straight lines and planes. Any affine transformation preserves collinearity
(i.e. after the transformation, all points on a line initially still lie on a line, sets of ini-
tially parallel lines remain parallel). The affine transformation f : X ! Y is of the form
x 7! Ax+b, where A is a matrix and b is a vector. The types of affine transformations are
following: translation, scaling, shearing, rotation, expansion, dilation, reflection, etc. All
the possible combinations of the above produce an affine transformation as well. The
flexibility of affine transformations with respect to describing the position and orienta-
tion of objects makes it a very useful tool.

Augmented Matrix and Homogeneous Coordinates A general system of n affine trans-
formations with n variables can be written as

x1

x2

...

xn

7!

a11x1 +a12x2 + ...+a1n xn +b1

a21x1 +a22x2 + ...+a2n xn +b2

...

an1x1 +an2x2 + ...+ann xn +bn

(2.1)

where x1, x2, ..., xn are the variables, a11, a12, ..., ann are the coefficients of the system, and
b1,b2, ...,bn are the constant terms.

Let A be the coefficient matrix of the system and let x be the vector of variables of the
system:

A =

2

66664

a11 a12 ... a1n
a21 a22 ... a2n

...
an1 an2 ... ann

3

77775

x =

2

66664

x1
x2
...

xn

3

77775
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In linear algebra, an augmented matrix is a matrix obtained by appending the columns
of two given matrices. Given vector b, where

b =

2

66664

b1
b2
...

bn

3

77775

the augmented matrix M = (A|b) is written as:

M =

2

66664

a11 a12 ... a1n b1
a21 a22 ... a2n b2

...
...

an1 an2 ... ann bn

3

77775

In order to efficiently combine different affine transformations, we can use homo-
geneous coordinates. Homogeneous coordinates allows us to combine affine transfor-
mations, such as translation, rotation, scaling, etc., by multiplying the corresponding
augmented matrices.

Homogeneous coordinates means extending a vector or matrix with one extra col-
umn, filling the extra space with zeros except the lower corner which has to be a “1”.
For instance, given the augmented matrix M , its form of homogeneous coordinates M̂
becomes:

M̂ =

2

6666664

a11 a12 ... a1n b1
a21 a22 ... a2n b2

...
...

...
an1 an2 ... ann bn

0 0 ... 0 1

3

7777775

In this way, the affine transformation can be simplified as matrix multiplication.

x̂ =
∑

x
1

∏
7!

∑
Ax+b

0 · · · 1

∏
= M̂

∑
x
1

∏
= M̂ x̂

Translation A translation is an affine transformation that moves every point by a fixed
distance in a specified direction. To translate an object by a vector b, each vector p in
homogeneous coordinates can be multiplied by the following translation matrix:

T =

2

664

1 0 0 b1
0 1 0 b2
0 0 1 b3
0 0 0 1

3

775

Using this, the function form of the translated vector p§ = (p§
x , p§

y , p§
z )tr is p§

x = px +b1,
p§

y = py +b2, p§
z = pz +b3, where b1, b2, b3 define the distance of translation along the x,
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y , z axis respectively, can be expressed with matrix multiplication:

p̂§ =

2

664

px +b1
py +b2
pz +b3

1

3

775= T p̂ =

2

664

1 0 0 b1
0 1 0 b2
0 0 1 b3
0 0 0 1

3

775

2

664

px
py
pz
1

3

775

Because addition of vectors is commutative, multiplication of translation matrices is
therefore also commutative.

Rotation A rotation in the n dimensional space is described by an ((n + 1)£ (n + 1))
matrix R. In the three-dimensional Cartesian space there are three distinct rotation ma-
trices, each one of them performing a rotation of µx , µy , µz about the x, y , z axis respec-
tively, assuming a right-handed coordinate system:

Rx =

2

664

1 0 0 0
0 cosµx °sinµx 0
0 sinµx cosµx 0
0 0 0 1

3

775

Ry =

2

664

cosµy 0 sinµy 0
0 1 0 0

°sinµy 0 cosµy 0
0 0 0 1

3

775

Rz =

2

664

cosµz °sinµz 0 0
sinµz cosµz 0 0

0 0 1 0
0 0 0 1

3

775

Example Using homogeneous coordinates, multiple affine transformations can be com-
bined into one. For example, Suppose a rotation Rx by an angle µx is performed, followed
by a translation T with vector (b1,b2,b3)tr, where

T =

2

664

1 0 0 b1
0 1 0 b2
0 0 1 b3
0 0 0 1

3

775

Rx =

2

664

1 0 0 0
0 cosµx °sinµx 0
0 sinµx cosµx 0
0 0 0 1

3

775

The result Q = Rx T of two transformations is simply obtained by a matrix multipli-
cation:
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Q =

2

664

1 0 0 b1
0 cosµx °sinµx b2
0 sinµx cosµx b3
0 0 0 1

3

775

In this thesis, we only use rotations and translations, so we will focus on these two
types of elementary affine transformation in terms of 4 corresponding homogeneous
coordinates. Additionally, we are invariably working in a three-dimensional Cartesian
space and therefore all the definitions and examples from now on will focus on this
space.

2.4.2. COORDINATE SYSTEMS
A coordinate system is a system which uses one or more numbers (coordinates) to deter-
mine the position of geometry items on a manifold. The prototypical example of a coor-
dinate system is the Cartesian coordinate system. In this thesis, the coordinate system
refers to a three-dimensional Cartesian coordinate system, in which three perpendicular
planes are chosen and the three coordinates of a point are the signed distances to each
of the planes. By default, when defining the position of a geometry item, its coordinates
are interpreted in the global Cartesian system, which can be thought of as an absolute
reference frame. However, in some cases, it may be more convenient to define the co-
ordinates in a system other than the global Cartesian system, where the origin and the
orientation differ from those of the global systems.

Global coordinate system The global coordinate system is represented by three or-
thogonal axes that are rigidly connected at a point called the origin of this system which
is denoted by O. The global coordinate system is utilized to represent the global, abso-
lute, or inertial frame of reference. In the present work, the global coordinates system is
denoted by Ox y z which is depicted in Figure 2.8. The origin point O is set to the verti-
cal projection point of the center of mass on the horizontal ground plane at the starting
time.

𝑧𝑧

𝑥𝑥
𝑦𝑦𝑂𝑂

Figure 2.8: Global coordinate system reference frame
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Local coordinate systems In addition, a local coordinate system is considered to de-
fine local properties of points that belong to a body. One specific local system of coor-
dinates used in this thesis is attached to the CoM of the robot body. Moreover, this local
coordinate system translates and rotates with the body motion and, consequently, its lo-
cation and rotation vary with time. The origin of system is always located at the position
of the CoM. The directions of the x, y and z axis w.r.t. the global coordinate system are
not fixed. When the Nao robot has applied a pre-defined configuration "StandZero" in
which all its joint angles are zero, the direction of the x axis parallels the line that points
from one of Nao’s elbows to its wrist on the same arm. The direction of the y axis parallels
the line that points from Nao’s right shoulder to its left shoulder. The z axis is perpendic-
ular to the transversal plane and points upwards, as shown in Figure 2.9.

To perform the kinematic analysis, we rigidly attach a local coordinate system to each
link of the robot. Whatever motion the robot executes, the coordinates of each point on
the link i are constant when expressed in its local coordinate system. All local coordinate
systems are also described relative to the pose "StandZero". The origin point is located
at the joint of the body part. Figure 2.10 shows the positions of the origin denoted by
(o,R) in the local coordinate systems of four different body parts.

Figure 2.9: Local coordinate system reference frame when the pre-defined configuration "StandZero" is ap-
plied on a Nao [138].

Rotation Direction A 3D body part maybe able to rotate about three orthogonal axes,
as shown in Figure 2.11. These rotations are referred to as pitch, roll and yaw:

• A pitch is a clockwise rotation about y axis, when viewed from the origin.

• A roll is a clockwise rotation about x axis, when viewed from the origin.

• A yaw is a clockwise rotation about z axis, when viewed from the origin.
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(a) right thigh (b) right foot (c) head (d) right shoulder

Figure 2.10: The origins (o,R) of local coordinate systems on four different body parts [139].

𝑥𝑥

𝑦𝑦

𝑧𝑧

Pitch

Roll

Yaw

Figure 2.11: Three-dimensional rotation can be described as a sequence of yaw, pitch, and roll rotations.

The Nao robot uses an algorithm to compute its torso orientation from signals ac-
quired with accelerometers and gyrometers. Since gravity applied on the torso is com-
monly the main force that can be measured by the accelerometer. It can act as an abso-
lute reference. This implies that the signals retrieved from the accelerometer can be used
to estimate the torso angle in static mode. By neglecting all the other forces acting on the
torso, the roll and pitch angles of the upper body can be estimated in the following way:

pitch = arcsin(
ax

G
) (2.2)

roll =°arcsin(
ay

G
) (2.3)

where ax and ay are the acceleration in the direction of the x and y axis, respectively,
and G is the gravitational constant.

2.4.3. FORWARD KINEMATICS
The forward kinematics problem is to determine the position and orientation of the end-
effector, given the values for the joint angles of the robot. An end-effector is the device
at the end of a robotic limb, designed to interact with the environment. Stated more for-
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mally, the forward kinematics define a mapping from the joint space to the 3D Cartesian
space.

Denavit-Hartenberg (DH) Parameters In order to describe the forward kinematics of
a robot mechanism in a systematic manner, one should use a suitable kinematics model.
Denavit-Hartenberg method, which was introduced by Jacques Denavit and Richard S.
Hartenberg [32], is the most common method for describing robot kinematics. In this
method, we can describes the coordinate transformation using only four parameters.
These are known as Denavit-Hartenberg (DH) Parameters: Æ, r , µ and d , which are the
twist angle, link length, joint angle and joint offset, respectively. A reference frame is
attached to each joint i °1 to determine DH parameters w.r.t. the reference frame of its
adjacent joint i :

• The zi and zi°1 axis are set to the direction of the joint axis.

• The xi axis is parallel to the common normal which means it intersects both the zi
and the zi°1 axis and is perpendicular to both the zi and zi°1 axis.

• The direction of xi is derived using the right-hand rule from zi°1 to zi .

• the origin of joint i is at the intersection of the xi and zi axis.

The DH parameters can be described as followed (see Figure. 2.12):

• Æi (Twist angle): Angle between the orthogonal projections of joint axis, Zi and
Zi°1 onto a plane normal to the common normal. This is measured as the angle
between the axis, Zi and Zi°1, about axis Xi to be taken positive when rotation is
made counter clockwise.

• ri (Link length): Length of the common normal. This is measured as the distance
between the common normals to axis Zi and Zi°1 along Xi .

• µi (Joint angle): Angle between the orthogonal projections of the common nor-
mals, Xi and Xi°1, to a plane normal to the joint axis Zi°1. Rotation is positive
when it is made counter clockwise.

• di (Joint offset): Length of the intersections along the joint axis Zi to the common
normal. This is measured as the distance between Xi and Xi°1 along Zi°1.

When the Nao robot applies the initial pose "StandZero" (in Figure 2.9), the DH pa-
rameters for the rotation of the reference frame on every link are shown in Table 2.4 and
Figure 2.13.

DenavitHartenberg matrix The DenavitHartenberg convention allows the definition
of the movement of links around a common joint axis to be separated into the product
of a translation along a line and a rotation around the same line, so that the movement
around axis Zi°1 £

MZi°1

§
= TZi°1 (di )RZi°1 (µi ) (2.4)
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𝑑𝑑𝑖𝑖

𝑟𝑟𝑖𝑖

𝛼𝛼𝑖𝑖

𝜃𝜃𝑖𝑖

Figure 2.12: The four parameters of classic DH convention are shown in red text, which are Æi ri µi and di . We
can get the homogeneous matrices that translate the coordinates from reference frame Oi°1 Xi°1Yi°1 Zi°1 to
Oi Xi Yi Zi . (This figure is the work of wikipedia user "Ollydbg").

Figure 2.13: Overview of the link lengths of the Nao robot[138].

and the movement around axis Xi°1

£
MXi°1

§
= TZi°1 (ri )RZi°1 (Æi ) (2.5)

With these notation, each link can be described by a transformation from a coordi-
nate system to the next coordinate system, which in case of the Figure 2.12 is the coordi-
nates translation from reference frame Oi°1Xi°1Yi°1Zi°1 to Oi Xi Yi Zi .
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Table 2.4: Denavit-Hartenberg (DH) Parameters for Nao Robots

Joint Names Æ r µ d
HeadYaw 0 0 0 0
HeadPitch °º/2 0 °º/2 0
LShoulderPitch °º/2 0 0 0
LShoulderRoll º/2 0 º/2 0
LElbowYaw º/2 0 0 UpperArmLength
LElbowRoll °º/2 0 0 0
LWristYaw º/2 0 0 LowerArmLength
LHand 0 0 0 0
LHipYawPitch °3º/4 0 °º/2 0
LHipRoll °º/2 0 º/4 0
LHipPitch º/2 0 0 0
LKneePitch º/2 -ThighLength 0 0
LAnklePitch 0 -TibiaLength 0 0
LAnleRoll °º/2 0 0 0
RShoulderPitch °º/2 0 0 0
RShoulderRoll º/2 0 º/2 0
RElbowYaw º/2 0 0 UpperArmLength
RElbowRoll °º/2 0 0 0
RWristYaw º/2 0 0 LowerArmLength
RHand 0 0 0 0
RHipYawPitch °º/4 0 °º/2 0
RHipRoll °º/2 0 °º/4 0
RHipPitch º/2 0 0 0
RKneePitch º/2 -ThighLength 0 0
RAnklePitch 0 -TibiaLength 0 0
RAnleRoll °º/2 0 0 0

M i
i°1 = TZi°1 (di )RZi°1 (µi )TZi°1 (ri )RZi°1 (Æi ) (2.6)

The matrices of these transformation are:

TZi°1 (di ) =

2

664

1 0 0 0
0 1 0 0
0 0 1 di
0 0 0 1

3

775

RZi°1 (µi ) =

2

664

cosµi °sinµi 0 0
sinµi cosµi 0 0

0 0 1 0
0 0 0 1

3

775
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TZi°1 (ri ) =

2

664

1 0 0 ri
0 1 0 0
0 0 1 0
0 0 0 1

3

775

RZi°1 (Æi ) =

2

664

1 0 0 0
0 cosÆi °sinÆi 0
0 sinÆi cosÆi 0
0 0 0 1

3

775

This gives:

M i
i°1 =

2

664

cosµi °sinµi cosÆi sinµi sinÆi ri cosµi
sinµi cosµi cosÆi °cosµi sinÆi ri sinµi

0 sinÆi cosÆi di
0 0 0 1

3

775

The forward kinematics of the end-effector with respect to the base frame is deter-
mined by multiplying all of the M i

i°1 matrices.

2.4.4. INVERSE KINEMATICS
Robot manipulators typically need to reach target points or follow trajectories in the
three-dimensional space. To make the end-effector reach a point, or to follow a tra-
jectory, we have to specify appropriate angles of the joints in the kinematic chain. Tasks
to be performed by a manipulator are in the Cartesian space, whereas actuators work in
joint space. Cartesian space includes orientation matrix and position vector. However,
joint space is represented by joint angles. The conversion of the position and orientation
of a manipulator end-effector from Cartesian space to joint space is called the Inverse
Kinematics (IK) problem.

The General Inverse Kinematics Problem Assuming there are n joints and given the
joint angle q j of each joint, the configuration of the given manipulator is specified by q =
(q1, ...q j , ...qn)tr. The general problem of inverse kinematics can be stated as: finding the
joint angles at a given configuration so that an end-effector can reach a target position s.
The position and orientation x of an end-effector is a function of the configuration q:

x = f (q)

The solution of the IK problem is a vector q:

q = f °1(x)

where f is a non-linear function, which has an inverse function. Noted that not every
function has an inverse. In order to have an inverse function, the function should must
be injective. However, generally, given a position and orientation x, there may exit mul-
tiple q values. This fact makes the method of inverting the forward kinematics equation
to solve the IK problems not feasible.
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The IK problem of the robot manipulators has been studied for many decades [8, 99,
122]. Solving the inverse kinematics is computationally expansive and generally takes a
very long time in the real time control of manipulators. Two main solution techniques
for the inverse kinematics problem are analytical and numerical methods. In the first
type, the joint variables are solved analytically according to given configuration data [34,
35, 70]. In the second type of solution, the joint variables are obtained based on the
numerical methods [11, 12, 41]. We first describe the second type and then discuss a
special case where the first type is possible.

Jacobian Matrix Suppose that all joints undertake a set of infinitely small rotation, rep-
resented @q. Then, at the end-effector, there will be a corresponding set of displacements
of the position and orientation @x. By considering the time derivatives of x and q, this
same relationship can be viewed as a relationship between the velocities ẋ and q̇. The
relationship can be described by the Jacobian matrix. Jacobian matrix is the matrix of all
first-order partial derivatives of a vector-value function. Suppose f : Rn ! Rm is a func-
tion which maps the space defined by vector q 2 Rn to the space defined by the vector
x 2Rm .

0

BBBB@

x1
x2
...

xm

1

CCCCA
=

0

BBBB@

f1(q)
f2(q)

...
fm(q)

1

CCCCA
(2.7)

As described above, we can consider the corresponding displacement and orientation
x = f (q). If write it for each component of x and q, we can derive the following set of
equations for @x1,@x2,...,@xm as functions of @q1,@q2,...,@qn :

@x1 = @ f1

@q1
@q1 + ...+ @ f1

@qn
@qn

...

@xm = @ fm

@q1
@q1 + ...+ @ fm

@qn
@qn

The above equations can be written as follows:

@x =

2

666664

@ f1

@q1
· · · @ f1

@qn
...

. . .
...

@ fm

@q1
· · · @ fm

@qn

3

777775
@q (2.8)
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The matrix in the above relationship is called the Jacobian matrix, denoted by J :

J =
∑
@ f
@q1

· · · @ f
@qn

∏
=

8
>>>>><

>>>>>:

@ f1

@q1
· · · @ f1

@qn
...

. . .
...

@ fm

@q1
· · · @ fm

@qn

9
>>>>>=

>>>>>;

(2.9)

or component-wise:

Ji j =
@ fi

@q j

A Jacobian in our context defines the dynamic relationship between two different
representations of a system: (i) the end-effector’s Cartesian position and orientation
(which is denoted by the function f ) (ii) the set of joint variables (which is denoted by
q). The Jacobian of the system provides the information about how changes in the joint
variables q cause changes in position and orientation x of the end-effector.

In general, the Jacobian allows to relate corresponding small displacement in differ-
ent spaces. If we divide both sides of the relationship by small time interval (i.e. differ-
entiate w.r.t time), we obtain a relationship between the velocities of the end-effector in
joint space and Cartesian space.

J = @ f
@q

= @x
@q

= @x
@t

@t
@q

we get
@x
@t

= J
@q
@t

Therefore,
ẋ = J q̇

where ẋ and q̇ denote the time derivatives of x and q.

Iterative Approximation Solutions to Inverse Kinematics Among the IK solutions, ap-
proximation methods often be used to solve the IK problems numerically. These ap-
proximation methods often use Newton’s method, which involves the Jacobian matrix
(a mapping between some changes in joint space and how they create small changes
in Cartesian space) of a manipulator [11, 12, 41]. The most flexible of these methods
typically rely on iterative optimization to seek out an approximate solution, due to the
difficulty of inverting the forward kinematics equation. We will briefly discuss iterative
approximation methods to solve the IK problem.

Newton-Raphson is an iterative process. It starts from some initial guess q. If this q is
a solution of f (q) = x, the process is completed. If it is not, Newton-Raphson calculates
a step ¢q to a new guess q0. The process then continues with q0 as the new initial guess.
Since J is in general not square or non-invertible, in the update equation ¢qk = J+(x°
f (qk )) (qk is the joint angles at current iteration) Moore-Penrose pseudoinverse J+ is
used to invert the Jacobian J of the system. This equation is derived by considering a
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linear approximation of f (q). Such an approximation around qk is given by f (qk +¢q) º
f (qk )+ J¢q. Setting this approximation equal to x, we find x = f (qk )+ J¢q. From this
equation, ¢q can be found by solving J¢q = x° f (qk ).

The cyclic coordinate descent (CCD) method [158, 160] attempts to minimize posi-
tion and orientation errors by transforming one joint variable at a time. The methods
states that, starting from the end-effector inward towards the manipulator base, each
joint must be transformed in order to move the end-effector as close as possible to the
target. This procedure is repeated until a satisfactory solution is obtained. The compu-
tational cost for each joint is low and therefore a solution can be formulated very quickly.

A heuristic method called Forward And Backward Reaching Inverse Kinematics (FAB-
RIK) [9] uses the previously calculated positions of the joints to find the updates in a
forward and backward iterative mode. It minimizes the system error by adjusting each
joint angle one at a time. The method starts from the last joint of the chain and works
forwards, adjusting each joint along the way. Thereafter, it works backward in the same
way, in order to complete a full iteration. The method instead of using angle rotation,
treats finding the joint locations as a problem of finding a new point on a line, which
passed through two adjacent joint positions. Thus, it converges in fewer iterations, has
low computational cost and produces visually realistic poses.

Analytical Solutions to Inverse Kinematics Geometric Algebra can be used to analyt-
ically solve an inverse kinematic problem; see for instance [171]. In this thesis however,
we do not need a general inverse kinematics method to compute the joint angles, for the
ankle, the knee and the hip joints. The angles of the hips can be computed using the de-
sired angle of the upper-body (which is usually the vertical position) and the information
of the IMU. The angle of the knee of the stance leg is directly prescribed by gait controller
proposed in this thesis. The robot is allowed to rotate freely around the ankle joints in
the proposed gait. So, for such a policy, we need not compute the angles of the ankle
joints. However, given the information of the position on upper body provided by the
IMU, it is possible to analytically compute desired angles of the ankle, even if the robot
walks on an uneven terrain. The joint positions of the swing leg can also be computed
analytically given the step height (one of the control parameter described in Chapter 5).
Hence, general inverse kinematic methods are not needed to implement the robot gait
proposed in this thesis.

2.5. CONCLUSION
We have reviewed the hardware features and the electronic architecture of humanoid
Nao robot in the previous sections. The embedded software architecture including NaoQi
and DCM was also discussed. We also introduce the design of a software framework with
the functionality of fine-tuning the actuator angle and velocity in milliseconds. More-
over, with goal of kinematics modeling, we introduced the affine transformation, coor-
dinate systems, forward and inverse kinematics solutions. In our cases, however, the
inverse kinematic problem of computing the angles on the hip and knee joints can be
solved analytically.





3
WALKING GAIT GENERATION OF

HUMANOID ROBOTS

3.1. INTRODUCTION

H UMANOID robots are a type of robots that mimic the appearance of the human body.
These robots employ hand-like actuators to grasp objects, are equipped with sen-

sors to perceive the environment in their surroundings and they propel themselves with
two legs. Those activities involve several scientific challenges. For instance, performing
grasping and walking requires perception, planning and precise control of actuators. In
this work, we focus on locomotion control. Since humanoid robots employ two legs to
move themselves, they depend on alternately moving one leg to propel and maintain the
body upright. When set up in a naive way, the bipedal walking is highly unstable and a
fall of a robot might have severe consequences for the physical integrity of robot. Hence
robustness of walking is of significance for operating humanoid robot.

In this chapter we review the literature concerning locomotion of humanoid robots.
To begin with, we will describe the different simplified models that are usually employed
to describe the dynamics of humanoid robots. This is followed by a review of the criteria
that are used to ensure the locomotion balance. The next section discusses the main ap-
proaches to generate walking patterns. Looking at those methods for two-legged robots,
four fundamentally different approaches can be observed: the passive dynamic walking
approach, model-free approaches, model-based approaches and the biology-inspired
approach. The final section gives the conclusion of this chapter.

3.2. HUMANOID ROBOT MODELING
Humanoid robots consist of various parts with different shapes and mass distributions.
To achieve the goal of generating a stable locomotion, it is important to abstract a simple
and accurate representation of the dynamics of the real robot, which can be described
by simple equations. Next we will introduce several prevailing approaches employed to
model the kinematics of the humanoid robot.

37



3

38 3. WALKING GAIT GENERATION OF HUMANOID ROBOTS

3.2.1. THE INVERTED PENDULUM MODEL
The inverted pendulum model [72, 74] represents a bipedal robot by a point mass and a
single telescopic leg. The point mass m represents the whole body of the robot located
at the Center of Mass (CoM). The telescopic leg represents the stance leg of the robot.
The swing leg is ignored in this abstract model because the model focuses on the single
support phase (SSP) of a step. The inverted pendulum model represents the foot as a
point located in the origin of the coordinate system. The x-axis points to the forward
moving direction of the robot, the y-axis points to the left of the robot, and the z-axis
points vertically upward. The x and z-axis determine the sagittal plane. The y and z-
axis determine the frontal plane.

The position vector p = (x, y, z)tr of the CoM can be expressed in terms of a vector of
state variables q = (µr ,µp ,r )tr depicted in Figure 3.1. The state variables are essentially
a polar coordinate system where r is the length of the telescopic leg, µr is the angle be-
tween the leg and its projection on sagittal plane, µp is the angle between the leg and its
projection in the frontal plane. The relation between the state variables q = (µr ,µp ,r )tr

and the position p = (x, y, z)tr of the CoM is given by:

x = r Sp , y = r Sr , z = r D, (3.1)

where Sp = sinµp , Sr = sinµr , D =
q

1°S2
r °S2

p .

𝑥𝑥𝑦𝑦

𝑜𝑜

𝑚𝑚

𝜃𝜃𝑝𝑝
𝜃𝜃𝑟𝑟

𝑟𝑟
𝑧𝑧

Figure 3.1: The 3D pendulum Model.

In order to determine the movement of the CoM, we need to know the all forces that
are applied on the CoM. In this model, a robot can apply force on the CoM using the
ankle torques and radial force of the telescopic leg. The radial force of the telescopic leg
is caused by changing the length of the telescopic leg. The latter is the combined effect
of the robot’s ankle, knee and hip joints.

Let T = (ør ,øp , f )tr be the vector describing the angular torques and the radial force
on the CoM, corresponding to the state variables q = (µr ,µp ,r )tr. Moreover, let F be the
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corresponding force applied to the CoM. We can determine the power P that is put into
the system using the force F and the velocity ṗ of the CoM in the Cartesian coordinates
system:

P = F · ṗ (3.2)

We can also calculate the power P using T and the state variables q = (µr ,µp ,r )tr:

P = T · q̇ (3.3)

Since the power is the same in both equations:

T · q̇ = F · ṗ

T · q̇ = F · (J (q)q̇)

Ttrq̇ = Ftr J (q)q̇

Ttr = Ftr J (q)

T = J (q)trF

F =
°

J (q)tr¢°1 T (3.4)

where J (q) is the Jacobian of the state variable w.r.t. the Cartesian coordinates: ṗ = J (q)q̇.
Note that we can divide the third equation by q̇ because q̇ is independent of q for all
values.

We compute the Jacobian J (q) as follows:

J (q) = @p
@q

=

0

@
0 rCp Sp

rCr 0 Sr
°rCr Sr /D °rCp Sp /D D

1

A (3.5)

where Cr = cosµr , Cp = cosµp . We will use this result to compute the effect of the ankle
torques and radial force on the dynamics of a robot.

According to Newton’s second law: F = ma. In case of the inverted pendulum model,
a = p̈. The force F is the combined result of gravity (0,0,°mg )tr, the ankle torques µr and
µp and the radial force f generated by the length changes of the telescopic leg. We use
Equation (3.4) to transform the torques and radial force to a force vector in the Cartesian
coordinate system. Therefore, F = ma becomes:

°
J (q)tr ¢°1

0

@
ør
øp
f

1

A+

0

@
0
0

°mg

1

A= m

0

@
ẍ
ÿ
z̈

1

A (3.6)

where m is the total mass of the model, g is the gravitational constant. The inverse Jaco-
bian in Equation (3.6) can be eliminated by multiplying both sides of the equation with
the matrix J (q)tr:

m

0

@
0 rCr °rCr Sr /D

rCp 0 °rCp Sp /D
Sp Sr D

1

A

0

@
ẍ
ÿ
z̈

1

A=

0

@
ør
øp
f

1

A°mg

0

@
°rCr Sr /D
°rCp Sp /D

D

1

A (3.7)
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If we multiply the first row of Equation (3.7) by D/Cr , we can get

m(r D ÿ ° r Sr z̈) = D
Cr

ør + r Sr mg (3.8)

If we translate r D and r Sr to Cartesian coordinates, we get an equation that describes
the dynamics along the y-axis:

m(z ÿ ° y z̈) = D
Cr

ør +mg y (3.9)

In the same way we get an equation that describes the dynamics along the x-axis:

m(zẍ °xz̈) = D
Cp

øp +mg x (3.10)

These equations are often used to analyze the movements of a bipedal robot.

3.2.2. THE LINEAR INVERTED PENDULUM MODEL
One of the most popular models for analyzing the gait of a robot is the Linear Inverted
Pendulum Model (LIPM) [77]. The LIPM restricts the movement of the CoM in the in-
verted pendulum model to an arbitrarily defined plane, which normally is parallel to the
walking surface. Restricting the movement of the CoM to a plane provides a solution of
the non-linear dynamics Equation (3.7) of Inverted Pendulum Model by providing ana-
lytic solutions based on an acceptable approximation.

The first step is to limit the movement of the CoM to a plane:

ax +by + cz = d

We reformulate this equation as:

°a
c

x ° b
c

y ° z =°d
c

We define kx = ° a
c , ky = ° b

c and zc = d
c . This enables us to describe the plane by the

normal vector (kx ,ky ,°1). We reformulate the above equation as:

z = kx x +ky y + zc (3.11)

The second derivative of Equation (3.11) is also used:

z̈ = kx ẍ +ky ÿ (3.12)

Substituting the constraints (3.11) and (3.12) into Equation (3.9) and (3.10) yields:

ÿ = g
zc

y ° kx

zc
(x ÿ ° ẍ y)+ 1

mzc
ur (3.13)

ẍ = g
zc

x +
ky

zc
(x ÿ ° ẍ y)+ 1

mzc
up (3.14)
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where ur and up are virtual inputs (that exist only in software). The relations between ør
and ur , and between øp and up are represented by following equations:

ør =
Cr

D
ur (3.15)

øp =
Cp

D
up (3.16)

For a robot walking on a flat ground, the horizontal constraint plane is obtained by
setting kx = 0,ky = 0. In this case, Equations (3.13) and (3.14) become:

ÿ = g
zc

y + 1
mzc

ur (3.17)

ẍ = g
zc

x + 1
mzc

up (3.18)

where zc denotes the prescribed height of the CoM.
For a robot walking on a slope, kx 6= 0 or ky 6= 0. In this case, we can also derive Equa-

tions (3.17) and (3.18) by introducing an additional constraint. If we multiply Equation
(3.13) by x and subtract the result of multiplying Equation (3.14) by y , we obtain:

x ÿ ° ẍ y =°kx x
zc

(x ÿ ° ẍ y)+ x
mzc

ur °
ky y

zc
(x ÿ ° ẍ y)° y

mzc
up

Multiplying this equation by zc and grouping the term x ÿ ° ẍ y results in:

(x ÿ ° ẍ y)(kx x +ky y + zc ) = 1
m

ur °
1
m

up

Since z = kx x +ky y + zc , we get:

x ÿ ° ẍ y = 1
mz

(ur x °up y) (3.19)

We can make the left-hand-side of this equation equal to 0 by introducing the following
constraint:

ur x °up y = 0 (3.20)

Substituting x ÿ ° ẍ y = 0 into Equations (3.13) and (3.14) also results in Equations (3.17)
and (3.18). Hence, constraint (3.20) enables us to use the same dynamics, described by
Equations (3.17) and (3.18), for a robot walking level ground and on a slope.

Finally, if the input torques ur and up are set to zero, the non-linear dynamics equa-
tions describing the motion of the CoM become independent linear equations which
determine a trajectory in 3D space:

ÿ = g
zc

y (3.21)

ẍ = g
zc

x (3.22)
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3.3. STABILITY CRITERIA
To design joint motions and controllers for a biped robot, there should be some criteria
to check if the designed motions and controllers will maintain the biped stability; i.e., do
they make sure that the biped robot does not fall or tip over. There are two main kinds
of stability criteria that have been defined for biped robots: static and dynamic stability
criteria. Both types of criteria make use of the concept of a support polygon.

A support polygon is the convex hull around the contact area of an object with the
ground. In case of the robot, it is the convex hull around the stance foot in the single
support phase, and the convex hull around both feet in the double support phase. The
support polygon does not exist if both feet are off the ground (for instance, while running
or jumping) or if the contact area is degenerated to a point or a line (i.e., the rigid foot
rotates about an axis or point and the mechanism as a whole is pivoting).

Statically balanced robots keep the vertical projection of the Center of Mass within
the support polygon in order to maintain postural stability. This is sufficient if the robot
moves slowly and all the inertial forces are negligible. Contrary to statically balanced
robots, the inertial effects have to be taken into account for dynamically balanced robots
in the different control strategies. However, the boundary between static and dynamic
balancing is very loose and dynamic gaits are referred to as not statically balanced at all
times. The robot is not statically balanced when phases can be distinguished were the
vertical projection of the center of mass is outside the area of support during walking.
For biped robots having single-point feet, purely static balance during motion is also
impossible.

A general problem of the term "dynamic balance" is that within the robotics commu-
nity one does not agree about the definition and that consequently different concepts
exist to judge if the robot’s dynamic stability is guaranteed or not, such as zero moment
point [157], foot rotation indicator [51], tumble stability criterion [170], feasible solution
of wrench (FSW) [149], Adios ZMP [63] etc.

3.3.1. STATIC STABILITY
Static stability is the simplest stability criterion. McGhee and Frank proposed the first
static stability criterion for a walking robot at a constant speed on flat ground in 1968
[103]. They claim that a walking robot is statically stable if the vertical projection of the
CoM is inside the support polygon that is formed by the contact points between the
robot and ground.

Static stability defines a static stability margin, which is the smallest distance be-
tween the projected CoM and the edge of the support polygon. The greater the stability
margin, the more stable the robot is. This criterion was extended to uneven terrain and
slightly modified to reduce the calculation complexity by McGhee and Iswandhi [104] .

Figure 3.2 illustrates the concept of static stability using a table. The balance of the
table is maintained as long as the CoM is completely within the support polygon (blue
area) that is set by the ground contact points. The dashed black arrow shows the stability
margin, which is the shortest distance to the edge of the support polygon.

Projection based criteria do not take the height of the CoM into consideration. For
practical purposes, a higher CoM is less stable given the same stability margin. The
Energy Stability Margin, introduced by Messuri [105], addresses this problem by con-
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sidering the potential energy of the robot and represents a more reliable static stability
margin.

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑝𝑝𝑝𝑝𝑝𝑝𝑠𝑠𝑝𝑝

𝑐𝑐𝑐𝑐𝑝𝑝𝑠𝑠𝑐𝑐𝑠𝑠 𝑠𝑠𝑜𝑜 𝑝𝑝𝑠𝑠𝑔𝑔𝑔𝑔𝑔𝑔𝑠𝑠𝑝𝑝

𝑠𝑠𝑠𝑠𝑔𝑔𝑠𝑠𝑔𝑔𝑝𝑝𝑔𝑔𝑠𝑠𝑝𝑝 𝑚𝑚𝑔𝑔𝑠𝑠𝑝𝑝𝑔𝑔𝑝𝑝

Figure 3.2: Example of support polygon and stability margin

Static stability criteria are only applicable if the CoM moves at a constant speed.
Because the early generations of walking machines were huge and composed of heavy
parts, they could only walk at low velocities. During the slow motion of heavy robots,
some inertial effects and other dynamic components (friction, elasticity, etc.) can safely
be neglected. This makes it possible to implement a statically stable walk on such robots.
When it comes to fast movement, the velocity, the amount of internal angular momen-
tum, friction, etc. are necessary conditions to maintain the balance. But static stability
criterion does not take them into consideration. Therefore, even though this criterion
can be applied to moving robots, for advanced robots with higher velocity, the statical
stability criterion becomes infeasible.

3.3.2. DYNAMICAL STABILITY
Static stability criteria are not suitable to assess the stability of fast moving robots, espe-
cially robots with a human-like walking gait. Human-like walking consists of a periodic
orbit of a stable phase that alternates with an unstable phase from the perspective of
static stability criteria. Human-like walking is a complex, though highly energy efficient
way of biped locomotion, since "falling" (during the unstable phase) due to gravity, en-
sures the forward movement. In the unstable phase, the vertically projected CoM resides
outside the support polygon. Nevertheless, the human gait is stable and allows for con-
tinuous and fast movements. This kind of motion or gait is called dynamically stable.

Dynamic stability requires different criteria to measure the stability margin of a walk-
ing robot. One of the most popular criteria in use today is the Zero Moment Point crite-
rion [75, 76, 142, 157]. This criterion uses the notion of the Zero Moment Point (ZMP),
which has been known for about fifty years, but is in no way outdated.

The ZMP specifies the point within the support polygon where the line through CoM
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of the resulting force vector Fcom of all the forces working on the robot, crosses the
ground surface. At this point, the ground reaction force Fg r compensates Fcom , i.e.
Fcom +Fg r = 0. The ground reaction force Fg r on the horizontal level ground consists
of a vertical component that avoids sinking into the ground and a horizontal compo-
nent that is the result of ground friction of the foot. The point where the ground reaction
force Fg r is working is called the Center of Pressure (CoP). Because the ground reaction
force Fg r cancels Fcom at the CoP, if it is inside the support polygon, there is no moment
that can rotate the robot in the sagittal and the frontal plane, which could let the robot
fall. Hence, the name Zero Moment Point. If, however, the line through CoM of Fcom
crosses the ground surface outside the support polygon, the CoP moves to the edge of
the support polygon and there is an uncompensated moment, which makes the robot
rotate around the CoP. Figure 3.3 gives an illustration of the two cases. Note that the fig-
ure assumes that all the joints are stiff (fully actuated). Without fully actuated joints, the
CoP changes and the robot may rotate around unactuated joints.

𝐹𝐹𝑔𝑔𝑔𝑔

𝑥𝑥 𝑦𝑦
𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐

𝐶𝐶𝐶𝐶𝐶𝐶 = 𝑍𝑍𝑍𝑍𝐶𝐶

𝐶𝐶𝐶𝐶𝑍𝑍

𝐹𝐹𝑍𝑍𝑍𝑍𝐶𝐶

𝐹𝐹𝑔𝑔𝑔𝑔

𝑥𝑥
𝑦𝑦

𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐

𝐶𝐶𝐶𝐶𝐶𝐶

𝐶𝐶𝐶𝐶𝑍𝑍

Figure 3.3: On the left, in the situation when the foot are firmly on the ground, the ground reaction force
cancel out the gravitational force at the CoP or ZMP, which lies inside the support polygon. In this case, the
robot is in the dynamic stability. On the right, when the heel lifts at some height, the line through CoM of
crosses the ground surface outside the support polygon, the CoP moves to the edge of the support polygon
and there is an uncompensated moment, which makes the robot rotate around the CoP.

The dynamics of the robot may also cause a moment that could rotate the robot in
the horizontal plane, for instance by moving the swing leg. There is no point on the
ground where this moment is 0 unless ensured by the dynamics of the robot. To avoid a
rotation in the horizontal plane, the foot or feet must have sufficient rotational friction
with the ground.

The ZMP is used as a dynamic stability criterion. This ZMP criterion guarantees that
we can control a robot as if the robot is solidly connected to the ground. Here, we assume
that the foot in the single support phase or the feet in the double support phase have suf-
ficient grip to avoid slipping; i.e., the friction can compensate the horizontal component
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of Fcom , and can compensate the moment in the horizontal plane. If the projection of
Fcom on the ground surface lies outside the support polygon, the ZMP is no longer de-
fined. In this case the projection point is denoted as the Fictitious ZMP (FZMP) [168] or
the Foot Rotation Indicator1 (FRI) [51]. Since the FZMP lies outside the support polygon,
in a fully actuated robot, there is a moment w.r.t. the edge of the support polygon, and
the robot starts rotating around the CoP, which then lies on the edge, and falls.

The (F)ZMP can be computed by considering the gravitational, inertial, coriolis and
centrifugal forces on all parts of the robot. Real-time accurate computation of the (F)ZMP
is not easy, and simplified interpretations are often used. One example of this is the def-
inition of Huang et al. [29], as shown in following equations:

yzmp =
Pn

i=1 mi (z̈i + g )yi °
Pn

i=1 mi ÿi zi °
Pn

i=1 Ii ,x µ̈i ,x
Pn

i=1 mi (z̈i + g )
(3.23)

xzmp =
Pn

i=1 mi (z̈i + g )xi °
Pn

i=1 mi ẍi zi °
Pn

i=1 Ii ,y µ̈i ,y
Pn

i=1 mi (z̈i + g )
(3.24)

where

• (xzmp , yzmp ,0) are the ZMP coordinates in the Cartesian coordinate system,

• (xi , yi , zi ) is the center of mass of link i ,

• mi is the mass of link i ,

• Ii ,x and Ii ,y are the x and y components of the inertia moment of link i ,

• µi ,x and µi ,y are the angular velocities around the axes x and y of link i ,

• and g is the gravitational acceleration.

Note that, in this set-up, the origin (0,0,0) of the coordinate system lies on the ground
surface.

Although the real time computation of the ZMP is difficult for a robot with many
links, it is easy for the linear inverted pendulum model (LIPM). Of course the LIPM is a
simplification that ignores aspects such as the angular moments of the robot’s links, and
therefore, the LIPM can only be used to approximate the location of the ZMP. An often-
used approach for calculating the ZMP is the cart-table model [72]; see Figure 3.4. We
assume a weightless table on which a cart with mass m is driving. The cart may acceler-
ate using an engine that drives the wheels. So, if the cart accelerates in one direction a, the
wheels execute a force F on the table in the opposite direction; i.e., F =°ma. The point
where the line through the CoM of the force F+ (0,0,mg )tr crosses the ground surface is
the ZMP.

yzmp ° y

zc
=

Fy

mg
xzmp °x

zc
= Fx

mg
1The Foot Rotation Indicator is defined both inside and outside the support polygon. The FRI corresponds

with the ZMP inside the support polygon.
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Figure 3.4: The cart-table model

We can rewrite these equations as:

yzmp = y ° zc ÿ
g

(3.25)

xzmp = x ° zc ẍ
g

(3.26)

If we substitute Equations (3.21) and (3.22) in the above equations, we find the ZMP for
the LIPM without ankle torques: pzmp = (0,0,0)tr. Note that we put the origin of the
coordinate system in LIPM at the contact point of the telescopic leg; i.e., the location
of the ankle joint of the stance leg. The location of the ZMP is not surprising since the
CoM moves in a horizontal plane and therefore does not fall. This is the result of the
increasing length of the telescopic leg. Without torques on the ankle joint the tangential
force cause an unrestricted rotation around the ankle joint.

The ZMP does not stay at the ankle joint if torques are applied. By substituting Equa-
tions (3.17) and (3.18) in Equations (3.26) and (3.25), we get:

yzmp = 1
mg

ur (3.27)

xzmp = 1
mg

up (3.28)

Kajita et al. [72] use this ZMP approximation of the LIPM to design a gait controller for a
bipedal robot.

3.4. WALKING GAIT GENERATOR
Walking gait generation is employed to calculate the trajectory of the joint angles that
generate the motions. Beside realizing a gait, the objectives of walking gait generation
include robustness, energy efficiency, movement velocity, versatility, etc. of the gait. In
this section we review several approaches of walking gait generation that can be used
to generate joint trajectories guaranteeing the dynamical postural stability of the hu-
manoid robot. Especially, we review model-based approaches using the ZMP criterion.
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3.4.1. PASSIVE DYNAMIC WALKING
There exists a type of biped walker with a simple architecture [28, 100] that is able to
walk down a slope; see Figure 3.5. The walker alternates its support from one leg to
the other and does not require any energy source to propel other than the power that
comes from the potential energy gained by moving down a slope. It is able to trade the
potential energy at the upper part of the slope for energy losses during walking. The most
fundamental cause of the energy losses are impact and friction, primarily between the
feet and the ground. Because it needs no energy for stabilization or control, the walker
operating passive dynamically can be energy efficient.

Figure 3.5: A passive dynamic walker by Collins [28].

To understand how a stable gait is achieved, simplified models of such systems have
been studied in detail. The simplest mathematical model of passive dynamic walking is
the rimless wheel which has rigid, massless spokes and a single point mass at the center
of the wheel. The non-linear dynamics and stability of the rimless wheel were studied
extensively by Coleman and Ruina [25]. If we take only two legs from the rimless wheel,
place a pin joint between them creating a rudimentary hip, and allow the legs to swing
freely, then we can obtain the compass gait [42, 52, 53]. For this case, the legs are mod-
eled by links with point masses in the center of mass of a link. These point masses are
responsible for swinging a leg forward during a step.

The modern implementation of passive dynamic walking was invented by McGeer
who published a paper [100] introducing this concept and implemented it both in silico
(by simulation) and as walking machines built of bars and hinges. McGeer’s walkers
have human-like gaits and are energy efficient, and are inherently stable with respect to
small disturbances. The legs of the dynamic walker described by McGeer [100] do not
have knee joints. To further investigate the dynamics of the human-like walker, McGeer
published a second paper which described a passive dynamic walker with knees [101,
102]. However, McGeer’s machines (Figure 3.6) are human-looking only when viewed
from the side. From the front, they look more like a person walking on crutches because
they were built with four legs to keep the motion stable in the frontal plane. Collins
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[28] built the first three-dimensional, two-legged passive dynamic walking machine with
knees.

Figure 3.6: McGeer’s experimental passive biped

The passive dynamic walker is a simply and energy efficient mechanism that enables
bipedal walking. One of its limitations is the difficulty to execute complex motions. Since
the hardware design of passive dynamic walking is oriented to optimize the energy con-
sumption, it is not usually possible to perform different tasks.

3.4.2. MODEL FREE WALKING GAIT GENERATION
A conventional procedure to design a walking gait generator is to apply a physical ab-
stract model and employ a suitable dynamic stability criterion to generate the trajec-
tories of joint angles that guarantee a stable movement. However, it is also possible to
create the walking gait generator without any physical model. This approach is called
"model-free". In this section, we will discuss several methods to generate a model-free
walking gait that aims to mimic the natural human step.

DYNAMICS CONTROL

The idea of dynamics control is to put the intelligence not in the control of the robot but
in the mechanical design. These robots are carefully designed mechanical systems with
tuned dynamics so they can achieve a dynamic gait despite the lack of any control. They
can be viewed as passive dynamic walkers, extended with actuators that enable them to
walk on a flat ground, such as the works of Collins et al. [28], Van der Linde [155] and
Takuma [151].

These works give very nice results regarding energy consumption and the walking
motion looks very natural. However, they lack the versatility of trajectory controlled
robots. A major disadvantage is that there is not a strategy to build and control such a
robot, but this mainly depends on the experience and skills of the researcher. Many pa-
rameters have to be tuned by hand, so from a practical point of view the size and weight
of the robot must be adapted to this.
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CENTRAL PATTERN GENERATOR

The motion of humans and other animals are controlled by rhythmic patterned signals
with sensory feedback. These signals are generated by neural network called Central
Pattern Generator (CPG) [36, 67]. Since humanoid robot resembles the structure of the
human, it is natural to control the gait of a humanoid robot in a similar way by the rhyth-
mic signals synthesis.

CPG methods used to control the biped locomotion on humanoid robots are often
inspired by Taga’s work on neuro-mechanical simulations. Taga successfully applied a
CPG controller for an 8-link simulated planar biped model [148]. A pair of CPGs, mod-
eled by an ANN (artificial neural network), controlled the muscles of the trunk and the
left and right hip, knee and ankle joints. Once the model had been trained, it not only
produced a gait under normal conditions, but it also adapted to environmental pertur-
bations such as uneven terrain or increased carrying load. Taga also demonstrated that
the speed of walking could be controlled by a single parameter which drove the neural
oscillators, and the step cycle could be maintained by a rhythmic input to the oscillators
[146, 147]. Miyakoshi et al. extended Taga’s work from 2D to 3D and also simplified the
CPG control mechanism [110].

Morimoto et al. [111] show that a humanoid robot can step and walk using simple
sinusoidal joint trajectories with their phase adjusted by a coupled oscillator model. The
control approach was successfully applied in a hydraulic humanoid robot developed by
SARCOS and the small humanoid QRIO. Other examples of CPG controlled biped loco-
motion include [5, 39, 58, 129, 135].

A Central Pattern Generator offers several advantages for the control of locomotion
in robots [67].

1. The purpose of CPG is to produce stable rhythmic patterns which provides robust-
ness against perturbations. That is, the system can rapidly return to the normal
rhythmic behaviour after perturbations happen.

2. CPG-based approaches are ideally suited to integrate sensory feedback signals
[84].

3. CPGs usually offer a good foundation for learning and optimization algorithms.

CPG-based approaches also have inherent drawbacks [67]. One of these is the huge ex-
ploration cost to find a proper combination of shapes and rhythms for a particular loco-
motion problem. A second drawback is that a solid theoretical foundation for describing
CPGs is yet missing. For instance, it is very difficult to prove the stability of the complete
CPG-robot system.

FUZZY CONTROL AND LEARNING

This group of methods consist of neural networks, fuzzy logic techniques, genetic algo-
rithms, etc. or combinations of these methods. The characteristics of the methods are
the absence of a model and the high tolerance against imprecision and uncertainty.

Fuzzy Control Some investigators in the field of biped locomotion use fuzzy control
for biped gait synthesis and for balance control.
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Murakami et al. [112] verified the validity of using fuzzy control for controlling the
gait of a biped dynamic walking robot.

Zhou et al. [173] presents a general fuzzy reinforcement learning (FRL) method for
biped dynamic balance control. A neuro-fuzzy network architecture makes it possible
to incorporate intuitive knowledge about human balancing and knowledge about how
a gait is evaluated into the FRL agent in order to accelerate the learning process. The
knowledge is used to initialise the action network, the critic network and (or) the evalu-
ation feedback module.

Jha et al. [71] made a gait generator using a fuzzy logic controller whose rule base
was optimized off-line, using a genetic algorithm.

Zhou et al. [172] proposed an adaptive-network-based fuzzy inference system (AN-
FIS) control strategy based on a hierarchy consisting of (1) a walking planning level, (2) a
gait generating level, and (3) a joint control level. This hierarchical architecture does not
require detailed kinematics knowledge or dynamic biped models. The effectiveness of
the proposed ANFIS joint control was verified through a 5-link biped robot simulation.

Choi et al. [24] applied fuzzy posture control against disturbance and to keep balance
on a slope. A fuzzy algorithm that makes use of the obtained ZMP trajectory information
controls the posture of biped walking robot.

Genetic Algorithms Many researchers have proposed methods that involve the ge-
netic algorithm as an optimization tool to generate a gait for the biped robot.

Cheng et al. [17] proposed to formulate the design of the biped controller of a gait
as a parameter search problem, and to apply a genetic algorithm to obtain the optimal
design. They use a 5-links bipedal model for their approach.

Arakawa [7] applied a genetic algorithm to generate off-line the joint trajectories of
biped locomotion minimizing the energy consumption. He aims to generate more nat-
ural motions by considering the dynamic effect.

Capi et al. [13] used a real number genetic algorithm as an optimization tool for
trajectory generation with minimum consumed energy. The minimum torque change
cost function and constant vertical position trajectories are used in order to compare
the results and verify the effectiveness of this method.

Kho et al. [82] used genetic algorithms to minimize the consumed energy by search-
ing for the optimal locations of the center mass of every link of a biped robot. The learn-
ing control scheme consists of a feed-forward learning rule and linear feedback control
inputs for the stabilization of the learning system.

Park et al. [120] employed a genetic algorithm to search for an optimal locomotion
pattern, and at the same time, the optimal locations of the mass center of every link of
the biped robot.

Neural Networks Researchers in the field of biped locomotion have studied the use
of neural network learning for on-line gait modification, which is proved as a feasible
method to generate new biped gaits.

Miller [106] developed biped control strategies that do not require detailed kinematic
or dynamic models, based on a fixed gait generator, PID controllers, and neural network
learning. Kun et al. [92] proposed to improve the biped performance by using CMAC
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neural networks that are responsible for the adaptive control of side-to-side and front-
to-back balance, as well as for maintaining good foot contact.

Sabourin et al. [131] used neural networks twice to learn the joint trajectories of a
gait. The goal of the use of these neural networks is to increase the robustness of gait in
the case of external disturbances.

The work of Geng et al. [48] demonstrated that stable biped walking can be achieved
by combining the physical properties of the walking robot with a small, reflex-based neu-
ronal network governed mainly by local sensor signals.

Nakanishi et al. proposed a learning method that can learn biped locomotion from
human demonstrations [116]. Other research in this field was performed by Aoi and
Tsuchiya [6], Komatsu and Usui [86] and Matsubara et al. [37].

3.4.3. MODEL-BASED WALKING GAIT GENERATION
Model-based walking gait generation methods generate trajectories for the different joints
based on a model of the robot. A joint trajectory-tracking controller has to follow the
desired trajectory. Many of such controllers use the Linear Inverted Pendulum Model
described in Subsection 3.2.2, and the Zero Moment Point criterion described in Sub-
section 3.3.2, to generate the joint trajectories.

Sugihara [143] divides model-based trajectory generation methods in "trajectory re-
playing" and "real-time generation", or roughly speaking in off-line and on-line tech-
niques.

TRAJECTORY REPLAYING

The first category prepares a joint-motion trajectory in advance, and applies it to the real
robot with little on-line modification [60, 114, 167]. These methods divide the problem
into two sub-problems, namely, planning and control. Numerous off-line techniques
mainly focus on the aspect of optimization of a certain criteria, such as motion stability.

Kim et al. [83] first designed a gait for a biped robot that enables walking on flat
floors. To enhance the motion stability on an uneven and inclined floor, they developed
six decoupled on-line controllers and added them to the previous gait pattern generator.
The resulting gait pattern generator enables a biped humanoid robot to adapt to the
floor conditions.

There is also research in this category mainly focusing on the optimization of energy
consumption. Chevallereau and Aoustin focused on optimal cyclic gaits for a walking
and running biped robot without actuated ankles [20]. They use polynomial functions
for the joint leg coordinates to avoid the use of the inverse dynamic model. The poly-
nomial coefficients are the optimisation variables for various criteria (maximal forward
velocity, minimal torque, and minimal energy) to ensure cyclic motion of the biped.

Denk et al. [33] developed a systematic method for generating databases of walk-
ing primitives for humanoid robots allowing step length adaptation, direction changes
and stepping over obstacles. They demonstrated that these walking primitives can be
computed efficiently by optimal control techniques using direct collocation methods.

REAL-TIME GENERATION

The walking patterns generated by trajectory replaying methods substantially limit the
mobility of humanoid robots despite several decades of study. They can neither cope
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with sudden contacts with the unknown environment, nor respond to unexpected com-
mands such as an emergency stop. In order to enhance the high-mobility of robots,
the humanoid motion should be generated in real-time in accordance with the dynam-
ics. The methods in this category generate joint trajectories in real-time, while using
actual robot feedback information in accordance with a pre-determined goal of the mo-
tion [44, 126, 150] (Figure 3.7). This kind of method executes planning and control in
a unified way. Although real-time generation is more promising than trajectory replay-
ing from the viewpoint of high mobility, these methods commonly suffer from a large
amount of computations which have to be performed in real time.

+

Walking pattern 
planning

(offline process)

Posture stabilizer
(online process)

Biped walking

Figure 3.7: The realization of biped walking with realtime generation.

Sugihara et al. [143] have developed a real-time motion generation method that con-
trols the center of mass (CoM) by indirect manipulation of the zero moment point (ZMP).
The real-time response of the method provides humanoid robots with high-mobility.
The method consists of four subsystems, namely, the referential ZMP planning, the ZMP
manipulation, the COM velocity decomposition to joint angles, and local control of joint
angles.

Kajita et al. [73] introduced the Three-Dimensional Linear Inverted Pendulum Mode
(3D-LIPM) to represent the dynamics of a biped robot. Under this model, the geometric
nature of trajectories are discussed. To stabilize the walking motion, a sensor feedback
module is used to reduce the error between the desired ZMP trajectory and the actual
ZMP.

Another approach introduced by Kajita et al. [72] generates a walking gait pattern
by using a preview control of the zero-moment point. In order to track the ZMP well,
a preview of future ZMP positions is used. The preview controller reduces the tracking
error by considering the future ZMP positions. The output of the preview controller are
the required accelerations ax and ay of the CoM. The actual position (x, y) of the CoM
is determined by solving a discretized version of a system of differential equations using
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the outputs ax and ay of the preview controller as input.
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The current ZMP position is subsequently estimated using Equations (3.25) and (3.26).
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This approach and several refinements have been applied to generate a walking gait pat-
tern in several robots [40, 43, 59].

Nagasaka et al. [115] proposed an integrated motion control method to make high
mobility movement on a bipedal humanoid. This method generates dynamically con-
sistent motion patterns in real-time based on the concept of the dynamics filter, which
assures that the force and the moment generated by the robot can equilibrate with that
caused by the environment.

3.4.4. HUMAN-INSPIRED APPROACHES
Instead of mimicking the neuro-biological approaches used by humans to generate the
walking patterns, it is also possible to mimic the walking patterns themselves. A problem
with this technique is that the anthropomorphic robot mechanisms are not equipped
with as many degrees of freedom as the real human, and the mass distribution are dif-
ferent. Therefore, if raw data of motions captured from humans are directly replayed
in humanoid robots, the resulting gaits are poorly balanced. For this reason, human-
inspired methods are usually restricted to the creation of animations. However, it has
also been applied to real humanoid robots [2, 4, 165].

Mita et al. [107] recorded human data and applied a tracking control to the human
gait trajectories. Unfortunately, measuring the angle trajectories during human walking
for a wide range of step lengths and walking speeds is difficult and time consuming [14].
Moreover a humanoid robot does not necessarily have the same kinematic and dynam-
ical properties (e.g. link dimensions, number of DOF, number of actuators, etc.) as a
human individual. Therefore, the recorded data from humans have to be processed to
fit the robot’s specifications.

Ames [3, 166] utilized human data and output functions (or virtual constraints) that
appear to be intrinsic to human walking in order to formally design controllers that prov-
ably result in stable robotic walking.
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In the work of Sinnet et al.[137], a human-inspired method for achieving bipedal
robotic walking is proposed in which a hybrid model of a human is used in conjunction
with experimental walking data to obtain a multi-domain hybrid system. Note that in-
teresting biologically inspired locomotion controllers for biped locomotion can also be
constructed based on CPGs ([47, 49]).

3.5. CONCLUSION
In this chapter, we introduced the literature concerning biped walking gait generation on
humanoid robots. First we enumerated the different simplified models that are usually
employed to describe the dynamics of humanoid robots. One important model is the
Inverted Pendulum Model, which represents the body as point mass that is supported
by the legs and rotates around the ankle joint. The conceptual and mathematical sim-
plicity of the inverted pendulum model made it be employed as a base for many other
models. An often-used case is the 3D Linear Inverted Pendulum Model, which repre-
sents the non-linear dynamics of the CoM by means of second order linear differential
equations. However, the simulation study showed that the walking gait generated by
this model has inherent disadvantage in terms of energy efficiency, since the legs have
to keep bent in order to constrain the CoM at a certain height during the walking. There-
fore, it might be interesting to investigate the performance of gait based on this model
with fully-stretched legs.

After defining the prevailing dynamics model of the humanoid robot, stability cri-
teria were discussed. The static stability criterion requires the vertical projection of the
CoM of the robot to lie within the area of support. This criterion can only be applied
on static or low-mobility systems. Since this criterion neglects inertial forces, it is not
suited for high-mobility systems. The inclusion of inertial forces leads to dynamic sta-
bility criteria, which are mostly based on the concept of the Zero Moment Point. The
ZMP specifies the point on the ground where moment acting on the robot equals zero.
The dynamic criteria specify that, in order to be able to control the movements of the
robot, the ZMP must lie within the support polygon.

The last section discussed the main types of walking gait generation. Looking at
those methods for two-legged robots, four fundamentally different approaches could be
observed: the passive dynamic walking approach, model-free approaches, model-based
approaches and the biology-inspired approach. Passive dynamic walking approaches
enable the robot to walk down a slope without any energy source except the one from its
potential energy. Model free approaches generate the walking gait generator without any
physical model. Model-based approaches employ analytic equations to generate walk-
ing patterns. Biologically inspired approaches try to transfer results from human motion
capture and analysis, bio-mechanics, or neuro-scientific research to the control system.
In this work, we applied one of the model-based approaches to analyse the dynamics of
the walking gait.
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AN INVERTED PENDULUM MODEL

FOR GAIT ANALYSIS

4.1. INTRODUCTION

O NGOING research on bipedal walking in the past decades resulted in legged robots
with impressive versatility. Bipeds such as ASIMO or HRP-2 can walk, climb and

even run. Apart from versatility, desirable properties of a humanoid robot are low energy
consumption and gait adaptation to uneven terrains.

Collins and Ruina [27] assumed that the gait of humans is the most energy-efficient
way of walking. Srinivasan and Ruina [140] confirmed this hypothesis using a simple
model in which the human is a point mass with straight legs that can change in length
during a step. The energy consumption of the gait is defined as the positive work of
increasing the length of the stance leg. Srinivasan and Ruina use this model to identify
the most energy-efficient gait. Their results show that the stance leg should have a fixed
leg-length almost till the end of a step, and should increase in length at the end of a
step. This corresponds to a human who’s stance leg has a stretched knee joint and the
stance foot flat on the ground during the single support phase, and a toe-off during the

This chapter is an updated and expanded version of the following publications:

1. Z. Sun, and N. Roos: An energy efficient gait for a Nao robot, BNAIC 2013: Proceedings of the 25th
Benelux Conference on Artificial Intelligence, Delft, The Netherlands, pp. 323-329, 2013. Delft University
of Technology (TU Delft).

2. Z. Sun, and N. Roos: Dynamic Lateral Stability for an Energy Efficient Gait, BNAIC 2014: Proceedings
of the 26th Benelux Conference on Artificial Intelligence, Nijmegen, the Netherlands, 2013, pp. 234-242.
Radboud University.

3. Z. Sun, and N. Roos: An energy efficient dynamic gait for a Nao robot, Proceedings of the 2014 IEEE
International Conference on Autonomous Robot Systems and Competitions (ICARSC), 2014, pp. 267-
272.

4. Z. Sun, and N. Roos: A Dynamically Stable Gait Without Support Polygons, under review, 2017.
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Figure 4.1: The abstract Inverted Pendulum Model. The left part of the figure is a 5-link model with point feet
and imaginary massless virtual legs (dashed line). The right side of the figure is the Inverted Pendulum Model
with telescopic virtual legs that we used to represent the physical structure of a biped robot. The definitions of
angle Æ, a radial force Fr and a tangential force F s

t are shown in the right side of figure as well.

double support phase. So, there is no torque on the knee-joint of the stance leg during
a step. In comparison to human walking, energy efficiency of modern walking robots
is mostly inferior [140]. A promising way to enhance energy efficiency of locomotion is
to use compliant elements, such as springs embedded in joints. Work at the actuators
is reduced by energy storage and release through springs. But this method can not be
implemented on standard robot platform, such as the Nao robot.

In this thesis, we demonstrate that a similar model as described by Srinivasan and
Ruina can be applied for identifying an energy efficient gait for humanoid robots such as
a Nao robot, despite differences with humans. First, unlike muscles, motors of a robot do
not behave like springs. Second, our experiments with a Nao robot show that the energy
consumption of a motor depends more on the torques of joints than on the work that is
done. Therefore, torques on the joints need to be considered. Third, a human need not
bend the knee of the stance leg while walking because (s)he can toe-off using the foot
and the calf muscle. In this way the human can increase the length of the leg without
torque on the knee joint. A robot such as a Nao robot cannot toe-off, because it can not
bend its foot. This difference makes it possible to ignore the torque in the human model,
but not in models of certain robots such as a Nao robot.

The model that we first consider is a planar kinematic chain abstracted from a Nao
robot, which has a complex body with irregular shape and mass distribution. We assume
that the robot can be represented as a point mass located in the CoM position which is
connected to two identical legs at a single joint hip. The feet are represented as two
points, as depicted in the left side of Figure 4.1. All motions are assumed to take place
in the two-dimensional sagittal plane and consist of successive phases of single support
(meaning the stance leg touches the walking surface and the swing leg does not) and
double support (the swing leg and the stance leg are both in contact with the walking
surface).
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To reduce the total energy cost, we set the stiffness on both ankle joints to zero. Thus,
the stance leg of the robot can freely rotate around the ankle joints, and the area of sup-
port reduces to a point. Apart from reducing the energy cost, zero ankle stiffness also
allows the robot to adapt to an uneven floor. Many researchers [56, 119, 141, 169] have
presented planar walkers with zero ankle torques that can keep their balance. So, reduc-
ing the ankle toque in order to increase the energy efficiency should be feasible.

To analyze the energy consumption, we further simplified the model to an Inverted
Pendulum Model with telescopic legs ([144, 145]). This model, which is based on the
work of [140], ignores the physical structure of both legs, and use an imaginary massless
segment, the virtual leg, connecting the point mass to a ground contact point instead.
Furthermore, this model allows the length of the virtual support leg to vary during a
step. A leg-length policy ± : [°º

2 , º2 ] ! [0,1] determines how much the virtual support
leg will be shortened as a function of the angle between the stance leg and the vertical
axis. The shortening of the stance leg is realized by bending the knee joint. When the
body is supported by a single leg, the model can be simplified to an inverted pendulum
as shown in the right side of Figure 4.1.

In the following sections, the Inverted Pendulum Model is used to analyse the dy-
namics and to identify a low energy cost walking gait. The kinematic model in sagittal
plane is discussed in Section 4.2, while the dynamics of the model in frontal plane is de-
scribed in Section 4.3. Section 4.4 presents the performed experiments and discusses
the results. Section 4.5 gives the conclusions of this chapter and answers the research
questions.

4.2. KINEMATIC MODEL IN THE SAGITTAL DIRECTION
In this section, a simplified kinematic model (the Inverted Pendulum Model) is used to
analyze the relation between the gait of a robot and its energy consumption. The kine-
matics of this model consist of a continuous-time single support phase and an instan-
taneous double support phase. The single support phase (SSP), or swing phase, begins
when the swing foot leaves the ground and ends at heel-touch.

If we were to know the force produced by the leg, we could apply Newton’s second
law to derive the second order equation for the movement of the mass m. Since the
ground generates a reaction force which can become large at the moment a stretched
leg impacts with the ground, and since the length of the leg is bounded by l , we choose
a different approach. We assume a leg-length policy ±(Æ) where ± : [°º

2 , º2 ] ! [0,1] and
where Æ is the angle between the stance leg and the vertical axis and l±(Æ) is the ac-
tual length of the leg, as shown in Figure 4.1. We use the leg-length policy to determine
the radial force Fr on the leg and a tangential force F s

t perpendicular to Fr . Note that
F s

t works perpendicular to the telescopic leg while the path of the mass m need not be
perpendicular to the leg because the length of the leg may change. The superscript s in
F s

t refers to the single support phase. Using the force F s
t , we can determine the second

derivative of the position of xt w.r.t. the time t which is given by:

F s
t = ma = m

d 2xt

d t

F s
t is determined by the component of the gravity working perpendicular to the stance
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leg: mg sinÆ and the friction: b d xt
d t . The air friction and the ankle joint friction (if an an-

kle is present) reduce the forward speed of a walking robot. The air friction is quadratic
in the speed but can be assumed linear because of the low walking speed. The ankle joint
friction depends on the connected gearbox and motor. This friction is also assumed to
be linear in the speed. The constant b captures both types of friction.

d 2xt

d t 2 + b
m

d xt

d t
° g sinÆ= 0 (4.1)

We can transform this equation into a change of the angle Æ using:

dÆ= d xt

±(Æ)l

Therefore,
d xt

d t
= ±(Æ)l

dÆ
d t

d 2xt

d t 2 = l
d±(Æ)

d t
dÆ
d t

+±(Æ)l
d 2Æ

d t 2

= l
d±(Æ)

dÆ

µ
dÆ
d t

∂2

+±(Æ)l
d 2Æ

d t 2

This results in:

d 2Æ

d t 2 + 1
±(Æ)

d±(Æ)
dÆ

µ
dÆ
d t

∂2

+ b
m

dÆ
d t

° g
±(Æ)l

sinÆ = 0 (4.2)

To use this second order differential equation, we reformulate it as a system of first
order differential equations.

d!
d t

= ° 1
±(Æ)

d±(Æ)
dÆ

!2 ° b
m
!+ g

±(Æ)l
sinÆ

dÆ
d t

= !

(4.3)

The length of the stance leg at the beginning and at the end of a step, is denoted
by lb and le respectively. They need not be the same. We therefore need to know the
angles Æ at the beginning and at the end of a step, denoted by Æb and Æe respectively,
given a fixed step length µ1. The leg-length policy should describe the changes in the leg
length between these angles. To determine the angles Æb and Æe , we apply the cosine
rule. Hence,

Æb = arcsin
µ2

1 + l 2
b ° l 2

e

2µ1lb
Æe = arcsin

µ2
1 + l 2

e ° l 2
b

2µ1le

FORCE ON THE STANCE LEG

The solution of the above differential equations also enables us to determine the radial
force on the stance leg. This force together with the leg-length policy ±(Æ) determines
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the energy consumption of the knee joint of the stance leg. The radial force consists
of a gravitational component and a component needed to accelerate the mass in the
direction of the radius. The former is a reaction force equal to: mg cosÆ, and the latter
is determined by the second derivative of the leg-length policy:

dl±(Æ)
d t

= l
d±(Æ)

dÆ
dÆ
d t

d 2l±(Æ)
d t 2 = l

µ
d 2±(Æ)

dÆ2

µ
dÆ
d t

∂2

+ d±(Æ)
dÆ

d 2Æ

d t 2

∂

So,

Fr = mg cosÆ+ml
µ

d 2±(Æ)
dÆ2

µ
dÆ
d t

∂2

+ d±(Æ)
dÆ

d 2Æ

d t 2

∂
(4.4)

When the swing foot impacts with the ground at the end of a step, the direction in
which the mass m is moving may change. We assume an inelastic collision of the swing
foot with the ground. This implies that the speed of the mass m in the radial direction of
the swing leg is becomes equal to the radial speed vb,r of the stance leg at the beginning
of a step. To ensure a constant walking speed, the tangential speed of the swing leg at
the end of a step must be the same as the tangential speed vb,t of the stance leg at the
beginning of a step. To compute the tangential speed of the swing leg at the end of a step,
we first compute the tangential and radial speed of the mass m w.r.t. the stance leg, and
the corresponding speeds in the Cartesian coordinate system.

vt = l±(Æ)
dÆ
d t

vr =
dl±(Æ)

d t
= l

d±(Æ)
dÆ

dÆ
d t

vx = vt cos(Æ)+ vr sin(Æ) vz = vt sin(Æ)+ vr cos(Æ)

The robot is walking at a constant speed if the following equation holds:

vt ,b = (vz,e sin(Æb)+ vx,e cos(Æb))

Note that Æb specifies the angle of the swing leg at the end of step.
The law of momentum conservation applies to the impact of the swing leg with the

ground. Therefore, the sum of the moments before and after the foot impacts with the
ground must be 0. This does not imply that the impulse generated by the reaction force
of the leg when it impacts with the ground is 0. The inelastic collision implies that the
impulse must stop the movement in the radial direction of the swing leg (the new stance
leg). The impulse generated by the reaction force of the new stance leg is determined by
the change in speed of m in the direction of the new stance leg:

Ir = vr,bm ° vr,e m

Here Ir denotes the impulse in the radial direction of the new stance leg, vr,b denotes the
radial speed of the new stance leg at the beginning of a step, and vr,e denotes the radial
speed of the swing leg at the end of a step. After the foot impacts with the ground, the
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speed in the radial direction of the new stance leg is completely determined by leg-length
policy because of the inelastic collision; i.e., no bounce occurs:

vr,b = dl±(Æ)
d t

(tb)

So, the impulse produced by the leg becomes:

Ir = m
µ

dl±(Æ)
d t

(tb)°
≥
vx,e sin(Æb)+ vz,e cos(Æb)

¥∂

The impulse also equals: Ir =
R

Fi d t . In an ideal situation, the impact time with
the ground is infinitely small implying an infinitely large reaction force produced by the
leg on the mass m. In practice material always bends or compresses somewhat. This
increases the impact time and thereby reduces the reaction force of the leg. Although the
force will now be finite, even if we would know the impact time, we cannot calculate it.
We therefore make the assumption that the reaction force is constant during the impact.
This assumption makes it possible to calculate the force on the leg for a given impact
time timp.

Fi =
Ir

timp
(4.5)

OPTIMAL LEG-LENGTH POLICY

To identify the leg-length policy that minimizes the energy consumption of a robot, we
make use of the fact that the robot has to bend the knee in order to shorten the leg.
The energy consumption is observed to be proportional to the torque of these joints in
experiments with a Nao robot (see the stand-up experiment described in subsection:
4.4.1). So a stretched leg requires no energy while a largely bent leg requires a maximum
amount of energy. We will use this observation to determine the energy consumption in
the model. The torque on the knee joint is determined by the radial force and arm of this

1
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2 𝑙𝛿(𝛼) 

𝑟 
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Figure 4.2: The arm r determines the knee torque

force w.r.t. the knee joint (see Figure 4.2). The arm is given by: r = 1
2 l

p
1°±(Æ)2.
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Figure 4.3: CoM trajectory in single support phase controlled by leg-length policy ±(Æ)

The radial force Fr acting on the mass m can become high when the leg impacts with
the ground. So, keeping the leg stretched implying r = 0 minimizes the energy consump-
tion. Also no energy is provided to the system, and therefore, because of the friction, the
robot will not continue walking. To provide energy, the leg must bend and stretch again.
The energy is used to provide the necessary torque and the positive work of lifting the
mass m when stretching the leg. Ignoring the positive work and assuming an impact
time ti mp , we define the energy consumption as:
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Ztimp
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Here, ts is the duration time of a step.
We can derive the energy consumption Eic of an inelastic collision with an infinitely

small duration from Equations 4.5 and 4.6.
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E

/ 1
2

l
q

1°±(Æb)2Ir +
Zts

0

1
2

l
p

1°±(Æ)2F s
r d t (4.7)

The above described model has been used to identify an energy efficient gait by
evaluating different leg-length policies. We systematically generated different leg-length
policies that can be described by cubic splines. We divided the SSP into 7 intervals and
chose a leg-length for the beginning of each interval plus the end of the last interval. The
cubic splines described the leg-length trajectory through 8 points, see Figure 4.3. We
investigated all possible policies with a resolution of 7 intervals, computed their energy
costs, made a comparison, then found an optimal policy that minimizes the power us-
age. The optimal leg-length policy that was identified, starts the single support phase
with a slightly bent stance leg. Subsequently, as the CoM keeps moving forward, the
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stance leg gradually stretches until its full length. The stance leg remains stretched till
the end of the step. Figure 4.4 shows the leg-length policy ±(Æ) as a function of the angle
Æ from the beginning till the end of the step and Figure 4.5 shows the realization using
the 5-link model.
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Figure 4.4: The optimal leg-length policy
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Figure 4.5: The kinematics of the sagittal motion

It is important to note that the ankle joints are underactuated in the realization shown
in Figure 4.5. This implies that no stability criteria such as the ZMP criterion are used in
the model, and that the robot falls forward till the swing leg takes over the support. As
shown in Figure 4.5, the swing leg may touch the ground before it takes over the support
of the robot. Since the swing leg only takes over the support of the robot at the end of a
step, the knee joint of the swing leg is underactuated during the double support phase
in this planar model.

DOUBLE SUPPORT PHASE EXTENSION

In the double support phase (DSP) the robot has to shift its weight from the stance leg
to the swing leg. In order to be balanced in the lateral direction at the end of the double
support phase, the robot must put force on the swing leg to stop the lateral movement
in time. This force also influences the movement in the sagittal plane.

We need a way to describe the influence of the swing leg on the sagittal movement of
the CoM in the DSP. This cannot be done by simply applying a leg-length policy for the
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swing leg in the double support phase. Given the step length µ1, the leg-length policy
±(Æ) of the stance leg and the angle Æ, the length of the swing leg in the DSP is fixed.
Prescribing the length of the swing leg by a policy, the two legs and the ground form a
rigid triangle in which the mass m can no longer move freely. We therefore chose to let
the mass m move freely given the leg-length policy of the stance leg and use a force policy
for the swing leg in the double support phase. The force prescribed by the force policy
does not only influence the lateral movement but also the sagittal movement. In this
Subsubsection we investigate the latter influence.

We extended the 2 dimensional planar model described in the previous subsection
with a double support phase. We stop the single support phase at some point of a step;
i.e., at the angle Æd = Æb +µ9(Æe °Æb) where Æb and Æe are the beginning and the end
angle of the stance leg during a step, respectively. (µ9 is one of the controller’s parameters
which determines how long the single support phase lasts in one single step, as further
defined in Section: 5.3.) From this moment the swing leg will also be on the ground,
therefore influencing the movement of the mass m.

The force policy ∞(Æ0) where ∞ : [° 1
2º, 1

2º] ! [0,1] and where Æ0 is the angle of the
swing leg with the vertical axis in the sagittal plane, will be expressed as a percentage
of the force Fr on the stance leg, as depicted in Figure 4.6. Fr is the force on the stance
leg caused by gravity and by the changes in the length of the stance leg. The force F d

s
generated by the swing leg causes a force F d

o in the opposite direction of Fr and a force
F d

p perpendicular to the stance leg. The force policy ∞(Æ0) determines F d
o = ∞(Æ0)Fr , and

thereby it also determines the force generated by the swing leg F d
s as well as the force F d

p .
Note that the angle Æ of the stance leg with the vertical axis, the leg-length policy ±(Æ),
and the step length µ1, together determine the angle Æ0 of the swing leg with the vertical
axis. Also note that the force policy guarantees that the stance leg stays on the ground
till the DSP finishes. This means that the value of the force policy must be less than or
equal to one.

𝛼𝛼′𝐹𝐹𝑟𝑟

𝐹𝐹𝑝𝑝𝑑𝑑

𝐹𝐹𝑠𝑠𝑑𝑑 𝐹𝐹𝑜𝑜𝑑𝑑

𝛾𝛾:[-π,𝜋𝜋]→ [0,1]

𝐹𝐹𝑜𝑜𝑑𝑑 = 𝛾𝛾(𝛼𝛼′)𝐹𝐹𝑟𝑟

𝜃𝜃1
2

𝛼𝛼

Figure 4.6: Force policy in double support phase
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Taking the force policy into account, we can derive the following differential equa-
tions for the movement of the mass m in the sagittal plane during the DSP:

d 2Æ

d t 2 + 1
±(Æ)

d±(Æ)
dÆ

µ
dÆ
d t

∂2

+ b
m

dÆ
d t

° g sinÆ
±(Æ)l

+ ∞(Æ0) tan(Æ+Æ0)Fr

ml±(Æ)
= 0 (4.8)

where Fr is defined in Equation (4.4).
After extending our model with the double support phase and the force policy for the

swing leg during the DSP, we repeated the simulations. The results of these simulations
showed that the shape of the leg-length policy did not change, the stance (rear) leg stays
fully stretched (±(Æ) = 1) in the DSP. So, in Equation (4.8), the term d±(Æ)

dÆ = 0. Then we
get:

d 2Æ

d t 2 + b
m

dÆ
d t

° sinÆ°∞(Æ0) tan(Æ+Æ0)cosÆ
l

g = 0 (4.9)

The simulation in subsection 4.4.2 also showed that the optimal force policy puts no
force on the swing leg till it becomes the new stance leg. Since shifting the weight from
the stance leg to the swing leg in the DSP requires a force generated by the swing leg,
we also evaluated the effects of different force policies on the leg-length policy. The ex-
periments showed that the shape of the leg-length policy (shown in Figure 4.4) does not
change. The robot still starts with a slightly bent leg which is subsequently stretched and
remains stretched till the end of the step.

4.3. KINEMATIC MODEL IN THE LATERAL DIRECTION
For a simple forward step, it is insufficient to only consider 2D dynamics in the sagittal
direction. To achieve the lateral stability, we designed a lateral controller to regulate the
CoM lateral movement during the double support phase. Our idea is to use the force
generated by the swing leg and the upper body tilt to regulate the lateral component
of CoM velocity. Since the sagittal and frontal planes are orthogonal, we can analyze
the lateral component of he forces working on the CoM independently of the sagittal
component of the forces working on the CoM. Therefore, we restrict the equations to the
frontal plane.

In order to introduce the equations describing the movement of the CoM in the
frontal plane, we first define a variable Ø which is the angle between the stance leg and
the vertical axis in the frontal plane. When the total force resulting from gravity and in-
ertia generates rotation around the contact point between the sole of the stance leg and
the ground, the angle Ø varies from 0 to Øe , as illustrated in Figure 4.7.

We assume that during the single support phase, the robot is perfectly balanced in
the lateral direction. Therefore, at the beginning of the DSP, the CoM is vertically above
the center of the stance foot (Ø= 0), and in the frontal plane there is no torque to make
the CoM rotate around the sole of the stance leg. Note that the heel strike of the swing
foot does not disturb the sagittal movement because at the start of the DSP both the
ankle and knee joint of the swing leg are underactuated. For the same reason, the heel
strike introduces no lateral torque that may change the moving direction of the CoM. In
order to balance the CoM in the lateral direction above the swing foot (the next stance
foot) at the end of the DSP, we need to generate a torque ø rotating the CoM from 0 to
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Figure 4.7: The frontal plane during double support phase
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Figure 4.8: (a) Force on stance leg in frontal plane and (b) Forces on swing leg in frontal plane

Øe . In order to generate the torque ø, we manipulate the upper body to bend slightly
inwards at the angle µ8 for 100 ms. The bending µ8 disrupts the balance enabling gravity
to create a torque ø > 0. We manipulate the force generated by the swing leg to control
the rotation of the CoM with a non-zero angular velocity Ø̇ and to stop the rotation at the
position (Ø = Øe ) where the robot can put its whole body weight on the new stance leg
and keep it stable. The problem is to control the torque ø appropriately. Our method to
mitigate this problem, is controlling the force generated by the swing leg by means of a
force policy ∞ : [° 1

2º, 1
2º] ! [0,1]. Unlike in the previous subsection, here we define the

force policy with respect to the angle Ø of the telescopic let with the vertical axis in the
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frontal plane.

Compared to the height of the CoM, the step length is small (less than 5% of CoM
height). Therefore we assume that in the DSP, the length of the stance leg can be consid-
ered as fixed in the frontal plane. That is, for the stance leg, we ignore the effect of the
CoM moving forward in the sagittal plane. Given this assumption, we analyze the forces
on the CoM in the frontal plane.

We break down the gravity into two components consisting of a radial force Fr along
the stance leg and Fp that is perpendicular to the stance leg (see Figure 4.8(a)). We ma-
nipulate the force policy ∞(Ø) of the swing leg to control the force Fq generated by the
swing leg on the CoM. We also break down Fq into two components: Fb which is di-
rected opposite to Fr , and another force F 0

p which is opposite to Fp (see Figure 4.8(b)).
Therefore, in the radial direction, there is the combined radial force Fn = Fr +Fb . Since
the length of the stance leg l is fixed, the radial force Fn has no effect on the movement
of the CoM. However, the combined force Ft = Fp +F 0

p generates a torque ø around the
contact point between the sole of the stance leg and the ground. The torque ø rotates
the CoM, shifting the weight from the stance leg to the swing leg.

At the beginning of the DSP, ideally, the force policy ∞(Ø) imposes no force on the
swing leg. Therefore the torque ø generated by the slightly inward bending µ8 of the
upper body, is needed to start the lateral movement of the CoM. (In our experiments,
the bending lasts for 100 ms.) As Ø increases, the force policy controls the force Fq to
gradually decrease the Ø̇(t ), and stops the CoM movement when Ø = Øe . The force Fq
causes the force F 0

p which decelerates the movement of the CoM. When Ø=Øe , the force
Ft , the torque ø= Ft · l and the angular velocity Ø̇ become 0, therefore the CoM stabilizes
above the swing leg (the new stance leg). We generate a force policy by regulating the
knee stiffness of the swing leg, as a function of the angle Ø. The shape of the force policy
is determined by means of a Quadratic Bezier curve, as illustrated in Figure 4.9. This
Quadratic Bezier curve is defined by 3 points in the interval of the DSP. The start point
and the end point are fixed, so we start with no force generated by the swing leg and stop
with the full weight of the robot on the swing leg, after which it becomes the new stance
leg. We assume a smooth transition between these two points which is determined by
the middle point µ7 of the Quadratic Bezier curve. So we have to determine the optimal
point µ7. The optimization of the point µ7 will be discussed in the Chapter 5.

To summarize, the controller manipulates the upper body to bend slightly inwards at
angle µ8 to trigger the CoM movement. At first the knee joint of the swing leg is underac-
tuated and the forces Fq and F 0

p are 0. Consequently, Ft = Fp > 0 leads to an acceleration
of the angular velocity of CoM around the point-foot of the stance leg, which forces the
underactuated knee joint of the swing to bend. Next, the stiffness of the knee joint of the
swing leg is increased in order to stop the rotation when the CoM reaches its end posi-
tion (Ø = Øe ). When the CoM reaches its end position, the lateral rotational velocity Ø̇
and acceleration Ø̈ become 0.

Since the point-foot of the swing leg is in front of the point-foot of the stance leg in
the sagittal plane, the increasing stiffness of the knee joint of swing leg will also influence
the forward speed in the sagittal plane. We showed in Subsection 4.2 that this does not
influence the shape of the leg-length policy.
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Figure 4.9: Stiffness over angle Ø and Ø0 by Quadratic Bezier Curves

4.4. EXPERIMENTS
In this section, we introduce the experiments which address the assumptions that were
used in the Inverted pendulum model described in this chapter and evaluate the effects
of different force polices on the leg-length policies.

4.4.1. VALIDATING ASSUMPTIONS
We need to validate two assumptions through experiments, namely,

• the assumption that the knee and ankle pits joints are the main contributors of the
energy consumption, and

• the assumption that the torque and not the work done is the main factor deter-
mining the energy consumption of a joint.

We evaluate these assumptions by measuring the currents to the hip, knee and ankle
joints. Given a constant voltage, the currents are linearly proportional to the power con-
sumptions of the joints.

POWER CONSUMPTION OF JOINTS

We designed an experiment to find the relation between stiffness and maximum drawn
current on each joint. In this experiment, a free joint movement with different stiffness
values is conducted. We make the robot march in one spot without moving forward with
the different joint stiffness. The test was repeated for stiffness values between 0.8 and
1.0 with increments of 0.05. The same experiment was done five times for each stiffness
value. Averaged data over five experiments were used to find the average current for that
specific joint.

The current in each joint of the left leg for different stiffness values is shown in Table
4.1. The data shows the joints that are responsible for most of the energy consumption.
With the same stiffness value, the largest contributor is the knee joint which uses about
35.2% ª 40.4% of the whole body energy consumption. It is a large improvement in effi-
ciency if we improve the energy cost in the knee joint through reducing the knee flexion.
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Figure 4.10: The averaged current drawn by the ankle pitch joint as a function of the joint’s stiffness.

The ankle pitch joint is the next largest contributor to the whole body energy consump-
tion. Figure 4.10 shows that the current in the ankle pitch joint is positively related to
the joint stiffness, which implies we can improve the energy efficiency by decreasing the
ankle pitch stiffness. Since we did not consider the feet as part of the Inverted Pendulum
model, theoretically in the real robot, we can set the ankle pitch stiffness to 0 in order to
improve energy efficiency without influencing the walking stability. As discussed in Sub-
section 5.2.2, it is necessary to set the ankle pitch stiffness to 0.1 in order to assure that
the stance foot and the swing foot in the double support phase, stay flat on the ground
and have sufficient grip to propel the Nao robot. The ankle roll stiffness is set to 0.

Table 4.1: Comparison of electric current (Ampere) on Nao(v5)’s joints with different stiffness

Current (Ampere) for each joint of Nao
Knee Ankle Roll Ankle Pitch Hip Pitch Hip Roll Hip Yaw

Stiffness

1.00 0.546 0.065 0.387 0.165 0.175 0.212
0.95 0.536 0.054 0.369 0.143 0.168 0.186
0.90 0.523 0.045 0.346 0.131 0.152 0.157
0.85 0.517 0.043 0.342 0.102 0.143 0.131

POWER CONSUMPTION AND JOINT TORQUE

The goal of this experiment is to validate the assumption that energy consumption is
positively related to the joint torque on the knee joint. In this experiment, we changed
the position of the Nao from standing upright (knee angle = 0±) to a position where the
angle is around 90±. We kept the Nao for a while in this position after which we let the
Nao move back to the upright position. During this experiment, we monitored the cur-
rent of a knee joint, as shown in Figure 4.11.
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Figure 4.11: The current of knee joint while doing stand-up experiment

When standing upright it is around 0.3A. When bending the knees, the current gradu-
ally increases. In the fixed bent position, the current is 0.7A. Finally, when the Nao moves
back to the upright position, the current gradually drops from 0.7A to 0.3A. Based on this
experiment, we conclude that the torque determines energy consumption and that the
positive work can be ignored.

4.4.2. EFFECTS OF THE FORCE POLICES ON THE LEG-LENGTH POLICY
This subsection presents the experiment to evaluate the effects of different force polices
on the leg-length policies. In Subsection 4.2, a force policy was introduced in order to de-
termine the influence of the swing leg on the sagittal plane in the double support phase.
The feasible force policy should satisfy the following constraint:

1. With the force policy, the energy consumption of the gait should be minimal.

2. The angle of the knee joint at the end of the DSP should be equal to the one of the
same joint at the beginning of the SSP.

As discussed in Section 4.2, the energy consumed by the knee joint of the stance leg
is used to provide the necessary torque, and the positive work of lifting the mass m when
stretching the leg. In the DSP, the torque generated by the knee joint of the swing leg
determines the force policy. This torque increases the energy cost of a step.

The force policy can reduce the impulse generated by the heel strike of the swing leg,
but also influences the movement in the sagittal plane. We therefore evaluated different
combinations of leg-length policies and force policies. Similar to the way the optimal
leg-length policy was found, we generated different force policies that were described by
cubic splines. We first divided the double support phase into 5 time intervals and chose



4

70 4. AN INVERTED PENDULUM MODEL FOR GAIT ANALYSIS

a force policy ∞(Æ0), i.e. a value between 0 and 1, for the beginning of each interval and
for the end of the last interval. The cubic splines described the force policy trajectory
through 6 points. We investigated all possible combinations of a leg-length policy and
a force policy to find the optimal force policy minimizing the energy cost. The optimal
leg-length policy did not change (see Figure 4.4) and the optimal force policy puts no
force on the swing leg till the end of the step (see Figure 4.12).
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Figure 4.12: The optimal force policy

We also investigated the effects of different force polices on the optimal leg-length
policy. From Figure 4.13, we can observe that, despite the different force policies applied
in the DSP, the experiments showed that the shape of the leg-length policy (shown in
Figure 4.4) does not change. Independent of the force policy, the robot still starts the sin-
gle support phase with a slightly bent leg which is subsequently stretched and remains
stretched till the end of the step. This does not mean that the force policy has no impact
on the optimal leg-length policy. Figure 4.13 shows that the corresponding leg-length
policies have a different starting length ∏(Æb). Moreover, the time needed to stretch the
leg varies slightly due to the different force policies, but the differences are so small that
for most practical purposes they can be neglected.

4.5. CONCLUSION
In this chapter, we have investigated the possibility of creating an energy efficient gait
without an area of support. Here, the absence of an area of support means that the ankle
join is free to turn in any direction while the foot is on the ground. For simplification
purposes, the walking motion is considered to be a steady walking pattern, consisting
of successive single support phases separated by a double support phase. These double
support phases are used for the exchange of support between the two feet. In the sagittal
direction the robot is falling forward till the foot of the swing leg touches the ground. In
the lateral direction, the robot balances above the stance foot in the single support phase,
and falls towards the new stance foot in the double support phase. The falling towards
the new stance foot is stopped by putting a force on the new stance leg. Furthermore, we
validated our assumptions about the main factors determining the energy consumption
of a gait by conducting experiments on a real Nao robot. With these confirmed assump-
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Figure 4.13: The different force policies with different initial speed and corresponding optimal leg-length poli-
cies

tions, we further conducted experiments to obtain the optimal leg-length policy and the
optimal force policy which satisfy the kinematic model and minimize the energy con-
sumption. Lastly, we established that the inclusion of our proposed force policy has no
significant effect on the leg-length policy.

Research Question The results of this chapter provide us with partial answers on re-
search questions 1 to 3.

1. Can the planar inverted pendulum model be used to create a bipedal gait with a
high energy efficiency?

The biped gait based on a conventional Linear Inverted Pendulum Model restrains
the robot’s CoM to a horizontal plane, hence the legs have to bend most of the time
when the robot is walking. In Subsection 4.4.1 we observed that the energy con-
sumption of the joint motor is mainly related to the applied torque. It implies the
possibility that energy efficiency of the biped gait can be optimized. We proposed
a leg-length policy to describe the change of the virtual leg length and optimized
the policy to find one that results in a walking gait with less energy cost. The opti-
mal leg-length policy starts the single support phase with a slightly bent stance leg.
Subsequently, as the CoM keeps moving forward, the stance leg gradually stretches
until its full length. The stance leg remains stretched till the end of the step. Figure
4.4 shows the leg-length policy ±(Æ) as a function of the angleÆ from the beginning
till the end of the step and Figure 4.5 shows the realization using a 5-link model.

2. What is the influence of the double support phase on the energy efficient gait ?

A complete biped walking cycle is composed of two phases: a double support
phase and a single support phase. During the double support phase, both feet
are in contact with the ground. Many studies on gait planning with the Inverted
Pendulum Model ignore the double Support Phase [72, 74, 79, 142] or assume that
the double support phase is instantaneous [88, 136, 174]. In such cases, the robot’s



4

72 4. AN INVERTED PENDULUM MODEL FOR GAIT ANALYSIS

CoM must be transferred from the stance leg to the swing leg instantly after the
single support phase ends. This phenomenon makes the smooth transition of the
CoM have an additional acceleration, which increases the inertial force that in-
duces further instability. Besides, from the viewpoint of energy efficiency, the dou-
ble support phase is important since, during the double support phase, the impact
force generated by the swing leg striking the ground may introduce a torque on
the knee joint of the swing leg which will increase the energy consumption. We ex-
tended the Inverted Pendulum Model with a double support phase and proposed
a force policy to control the lateral movement of the CoM. Experiment showed the
proposed force policy has no significant effect on the shape of the leg-length pol-
icy.

3. What are the requirements of a double support phase w.r.t. the lateral stability of a
gait?

The robot should be perfectly balanced in the lateral direction during the SSP; i.e.,
no waggling like a penguin. Therefore, at the beginning of the DSP, the CoM is ver-
tically above the center of the stance foot. During the double support phase, the
CoM is supposed to transfer from the stance leg to the swing leg. At the end of the
DSP, the projection of inertial and gravitational forces on the floor should be in the
middle of the swing foot w.r.t. the lateral direction. This is necessary because the
support polygon of the foot reduces to a point due to zero stiffness on the ankle
joint. If a small disturbance occurs, the robot may overshoot or undershoot its sta-
ble end point, balancing above the swing foot. Therefore, a force control method is
required. In this chapter, our method is to manipulate the force on the swing leg by
means of a force policy which is generated by regulating the knee stiffness of the
swing leg. To guarantee the smoothness of CoM transition and accurate timing
control, the shape of the force policy is determined by a Quadratic Bezier curve, as
illustrated in Figure 4.9.



5
GAIT CONTROLLER DESIGN FOR

FLAT FLOOR WALKING

I N this chapter, we describe a controller which implements a walking gait on level
ground for Nao robots using the results of the previous chapters. Because of the dif-

ferences between the abstract model and the Nao, several parameters of the controller
need to be fine-tuned. We present the gait controller and its parameters, the learning
algorithm that we applied, the evaluation criterion used by the learning algorithm, and
the results of the learning process.

5.1. INTRODUCTION
In the previous chapter we have introduced a method for creating a low energy cost
biped gait without involving support polygon. This gait is derived from the Inverted
Pendulum Model and extended with a leg-length policy and a force policy that can be
optimized to improve the gait’s performance in stability and energy efficiency. To be
able to establish the optimal policies and relevant control parameters, it is necessary to
apply a feasible optimization method which leads to research question 4: "How to de-
sign the controller for gait generation?" and research question 5: "How to optimize the
energy efficiency for the walking gait on a flat floor?".

This chapter is an updated and expanded version of the following publications:

1. Z. Sun, and N. Roos: An energy efficient gait for a Nao robot," in BNAIC 2013: Proceedings of the 25th
Benelux Conference on Artificial Intelligence, Delft, The Netherlands, pp. 323-329, 2013. Delft University
of Technology (TU Delft).

2. Z. Sun, and N. Roos: Dynamic Lateral Stability for an Energy Efficient Gait," in BNAIC 2014: Proceedings
of the 26th Benelux Conference on Artificial Intelligence, Nijmegen, the Netherlands, 2013, pp. 234-242.
Radboud University.

3. Z. Sun, and N. Roos: An energy efficient dynamic gait for a Nao robot," in Proceedings of the 2014 IEEE
International Conference on Autonomous Robot Systems and Competitions (ICARSC), 2014, pp. 267-272.
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This chapter aims to answer these questions by first introducing the structure and
the operation of the gait controller in Section 5.2. We propose a parameter set for the
gait controller (in Section 5.3). Those parameters are essential to the primary objec-
tive of determining the gait’s performance with respect to stability and energy efficiency.
Next, in Section 5.4, we describe the policy gradient reinforcement learning algorithm
used to search for a set of parameters that guarantee a stable and low energy cost gait.
Section 5.5, describes the learning of the optimal set of parameter values in a simulation
environment. Section 5.6 presents the experimental evaluation on a real Nao robot and
discusses its results, and Section 5.7 gives the conclusion of this chapter and answers the
research questions.

5.2. OVERVIEW OF THE GAIT CONTROLLER DESIGN

A block-diagram of the controller is shown in Figure 5.1. In the following description, we
review the operation of this controller.

PID controller
Joint command

FSM

FSM Phase 
selection

Timing 
control

FSM

Motion Generator

FSM
Leg 

Trajectory 
Generator

Body 
Trajectory 
Generator

Gait Controller

OutputActuator+
-

Figure 5.1: The operation overview of the gait controller

The gait controller on the left part of the Figure 5.1 consists of joint-level controllers
(i.e., the motion generator), which are supervised by a high-level control structure (i.e.,
a Finite State Machine) that provides the appropriate joint functionality. Individual joint
angles are computed by the motion generator, whose structure is organized into a body
trajectory generator and a leg trajectory generator. The time-control of the motion gen-
erator is implemented by a finite state machine. The finite state machine operates on the
time scale of the locomotion phases, i.e., the single support phase and the double sup-
port phase. The right part of the Figure 5.1 shows the control process of the Nao robot
that implements the joint commands using a proportional–integral–derivative (PID) con-
troller around each joint.
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5.2.1. FINITE STATE MACHINE
A finite state machine represents an effective action selection mechanism widely used
in the domain of robotics [98, 162]. In this work, we present a finite state machine (FSM)
which guides the motion generator to produce the various trajectories that create de-
sired motions. The FSM represents a sequence of motion states which are deterministic
and the transitions are observable. The FSM allows motion states to be implemented
independently of their successor states. As shown in Figure 5.2, the FSM consists of two
motion states (single support phase and double support phase) and two transitions be-
tween the motion states. Based on the condition when the transition occurs, FSMs can
be classified into two types: event-triggered, and time-triggered [163]. The transition in
an event-triggered FSM will occur whenever an event is raised or an input is provided.
Time-triggered FSM means that states transition occurs after some time interval.

In our case (i.e. a walk on the flat ground), the FSM used to guide the motion gener-
ator is time-triggered. The timer determines the duration of the motion states and the
motions need to be executed within the set time interval. We choose a time-triggered
approach because the duration of the same motion state in each step is identical and we
want to learn the optimal duration of each state. In the next chapter about the walking
gait on uneven terrain, these timers are replaced by observable events (i.e. "swing foot
strikes the ground" and "CoM balances above the new stance leg") because the durations
of the motion states are variable and dependent on the terrain.

The motion states are defined as follows:

• "Single support phase": In this state, the stance foot is on the ground, while the
swing foot is in the air.

• "Double support phase": During this state, two feet are placed on the ground. The
CoM transfers from stance leg to the swing leg (new stance leg) in both sagittal and
lateral direction.

The impact of the swing foot, i.e. the heel-strike, with the ground is inelastic, because
the torques on the knee and ankle joints of the swing leg are set to 0. This implies that
during the instantaneous state transition, there is no slip and no bounce happening.
When the impact takes place, the robot configuration remains the same and the angular
momentum of the robot on the impact point is conserved.

5.2.2. LEG TRAJECTORY GENERATION
The gait identified in the previous section uses the abstract model of a robot consisting
of a point mass and two telescopic legs. To implement the gait on a robot such as the
Nao as defined in Chapter 4, we need to implement the leg-length and the force policy
by controlling the leg joints of the Nao robot. Moreover, we need to generate a trajectory
for the swing foot (making a step), and we need to address the control of the ankle of the
stance leg.

LEG-LENGTH POLICY

The leg-length policy of the virtual telescopic stance leg, shown in Figure 5.3, must be im-
plemented by controlling the knee joint of the actual stance leg of the Nao robot. Since
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Single support phase

Double support phase

CoM balances above 
the new stance leg

Swing foot strikes 
the ground

Timer SSP Timer DSP

event

timer

motion phase

or or

Figure 5.2: The motion states and transitions of the FSM

the stance foot is always flat on the ground, we need not consider the ankle joint. More-
over, we assume that the upper body is in a vertical position. This implies that we only
need to control the knee joint of the stance leg. The body trajectory generator deter-
mines the angle of the hip pitch joint.
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Figure 5.3: The mapping from the leg-length policy to the joints

Figure 5.4 shows the angles that we use to implement the leg-length policy. The leg-
length policy changes the angle ∏kst of the knee joint from the initial angle µ3 at the start
of the single support phase to 0 in µ5 seconds during the single support phase. Both
µ3 and µ5 are control parameters of the controller, which can be adapted and will be
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Figure 5.4: The definition of a virtual leg and key angles of a biped model in the sagittal plane

optimized; see Sections 5.3 and 5.4. We have chosen to use sinusoid to generate a smooth
transition of the leg length from the beginning of the single support phase to the end:

∏kst =
1
2
µ3

µ
cos

µ
t ° tssp

µ5
º

∂
+1

∂
(5.1)

where t with 0 ∑ t ° tssp ∑ µ5 is the current time point, and tssp is the time that the single
support phase of the current step starts.

Note that we do not implement the leg-length policy ±(Æ) by measuring the angle Æ
of the virtual telescopic leg with the vertical axis and deriving the knee-angle from the
leg-length l±(Æ). Instead, we use a time interval µ5 to control the stretching of the leg
from an initial angle µ3 to a fully stretch leg. Obviously, the time interval will depend on
the walking speed and therefore, needs to be optimized for a given speed; see Section
5.4.

FORCE POLICY

The force policy is applied during the double support phase of a step. This phase starts
at the heel strike of the swing foot. Although the Nao robot has sensors in the feet that
can be used to identify the heel strike, we use a timer instead. The timer determines
when the heel strike must occur, and therefore when the double support must start. The
time at which the double support phase starts is determined by the parameter µ9, which
denotes the proportion of the total step time specified by the parameter µ4. So, the dou-
ble support phase starts µ4µ9 seconds after the start of the single support phase. Both µ4
and µ9 are parameters that need to be optimized; see Section 5.4. The advantage of this
approach is that we can search for the optimal proportion between the single and the
double support phase.

The force policy of the swing leg during the double support phase is implemented
by setting the target angle and the stiffness of the knee joint as a function of the angle
Ø0 between the swing leg and the vertical axis in the frontal plane. The angle Ø0 changes
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from Ø0
b to 0 during the double support phase. The Nao robot has a build-in function

ALMotionProxy::getPosition that can give the position and angle of joints w.r.t. the
FRAME_TORSO of which the origin lays near the CoM. In our implementation of the gait,
we use this function to computeØ0. The initial angleØ0

b can be determined by computing
Ø0 at the start of the double support phase.
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Figure 5.5: The definition of key angles of a biped model in the frontal plane

On a Nao robot, the target angle and stiffness of a joint can be adapted every 20 ms.
We set, in every cycle of 20 ms, the target angle of the knee joint equal to the currently
observed angle. This means that we try to lock the knee joint in its current position. At
the same time we set the stiffness using the Quadratic Bezier Curve shown in Figure 4.9.
WhenØ0 approximates the value 0, the stiffness approximates the value 1. The parameter
µ7 determines the shape of the Bezier curve.

FOOT TRAJECTORY OF THE SWING FOOT IN SSP
During the single support phase, the foot of the swing leg has to move from its old po-
sition to a new position. The time available for the move is µ4µ9 seconds. The other pa-
rameters that are relevant, are the step length µ1 and the step height µ2. Based on these
parameters, a foot trajectory, shown in Figure 5.6, has to be generated for the swing foot.
We compute this trajectory by specifying the x and z position of the swing foot in a local
coordinate system Ost X Y , where the position of the stance foot is the origin Ost (0,0)
(see Figure 5.4), the x-axis points in the walking direction, the z-axis points upward. We
use a sinusoid to generate a smooth trajectory.

x f (t ) = °µ1

2
cos

µ
t ° tssp

µ4µ9
º

∂
(5.2)

z f (t ) = µ2

2

∑
1°cos

µ
t ° tssp

µ4µ9
2º

∂∏
(5.3)

where t with 0 ∑ t ° tssp ∑ µ4µ9 is the current time point, and tssp is the time that the
single support phase of the current step starts.
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Figure 5.6: The sagittal motion of the resulting walking gait with telescopic legs

To compute the angles of the swing leg generating this trajectory, we first compute
the location of the hip joint in the local coordinate system.

xh(t ) = l1 sin(∏apst(t ))+ l2 sin(∏apst(t )°∏kst(t )) (5.4)

zh(t ) = l1 cos(∏apst(t ))+ l2 cos(∏apst(t )°∏kst(t )) (5.5)

where ∏apst is the ankle pitch of the stance leg and ∏kst is the angle of the knee joint. Next
we compute the length l 0 and angle Æ0 of the virtual swing leg; see Figure 5.4.

l 0(t ) =
q

(xh(t )°x f (t ))2 + (zh(t )° z f (t ))2 (5.6)

Æ0(t ) = arctan
µ xh(t )°x f (t )

zh(t )° z f (t )

∂
(5.7)

Finally, we compute the angles of the hip and knee joint of the swing leg.

∏ksw(t ) = º°arccos

√
l 2

1 + l 2
2 ° (l 0(t ))2

2l1l2

!

(5.8)

∏hpsw(t ) = Æ0(t )°arccos

√
(l 0(t ))2 + l 2

2 ° l 2
1

2l 0(t )l2

!

(5.9)

The swing foot is kept parallel to the ground surface during the single support phase.
The appropriate ankle angle can be computed by the summation of the joint angles on
the kinematic chain from the vertical body to the swing foot.

ANKLE CONTROL OF THE STANCE LEG

The gait that we developed in Chapter 4, does not require a support polygon. The feet
are reduced to points around which the robot can rotate freely. The ability to rotate freely
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around the contact point of the telescopic leg with the ground is an important feature of
this gait. On a real robot such as a Nao, the contact point with the ground corresponds
with the ankle joint. At the ankle joint the robot can rotate in any direction. The ability
to rotate freely around the ankle joint can be implemented in two ways. We can simu-
late free rotation around the ankle joint by computing the angles that correspond with
a free rotation, and use these angles together with full stiffness of the ankle joint. An
advantage is that it gives a support polygon, which improves the stability of the gait. A
disadvantage is the energy consumption of the stiff ankle joints. The second option is
setting the ankle stiffness to 0. An advantage of this option is the reduction of the energy
consumption in the ankle joints, and the ability to adapt to small bumps in the walking
surface. A possible disadvantage is the stability of the gait. Of the two options we chose
the second because of the advantages, and because we wished to check whether a stable
gait is possible without a support polygon.

Setting the stiffness of the ankle joint to 0 changes the joint into an underactuated
joint. As a consequence, the robot is mainly supported by a small area under the ankle
joint. Experiments with the Nao robot showed that setting the stiffness in the sagittal
direction to 0 is not possible. With 0 stiffness the Nao robot starts walking on its heels
and cannot propel itself because of lack of grip. Further experiments showed that setting
the stiffness of the ankle pitch to 0.1 ensures that the foot of the stance leg and the foot
of the swing leg during the double support phase of the Nao robot are flat on the ground
and provide sufficient grip. The ankle pitch stiffness of 0.1 and ankle roll stiffness of
0 ensure that the ankle joints can still rotate freely in any direction and are therefore
essentially underactuated joints.

5.2.3. BODY TRAJECTORY GENERATOR
In the previous section, we assumed that the body of the Nao is in a vertical position. We
need a controller that assures that this assumption holds. This controller determines the
angles of the hip pitch and roll joints of the stance leg.

Walking on flat ground, it is easy to determine the proper angles. Since we can use
the ground surface as a reference, we can determine the proper angles of the hip pitch
and roll joints of the stance leg using the angles of the ankle and knee joints.

∏hpst = °∏apst °∏kst (5.10)

∏hrst = °∏arst (5.11)

where ∏apst is the ankle pitch angle of the stance leg, ∏kst is the knee angle of the stance
leg, and ∏arst is the ankle roll angle of the stance leg.

The body of a robot is not always in a vertical position. As we saw in Chapter 4, at the
start of every double support phase, the Nao robot must lean slightly inward in order to
disturb its balance. Moreover, when the robot starts walking, it must lean slightly forward
in order to generate a forward motion of its body. Without first generating a forward
motion of the body, the robot will fall. Note that the ankle stiffness is set to 0.1 and
therefore the forward leaning will enable gravity to cause a forward motion. The forward
leaning is determined by the Torso Pitch Inclination parameter µ6, and has a duration
of 200 ms. The inward leaning is determined by the Torso Roll Inclination parameter µ8
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and has a duration of 100 ms. During the forward and inward leaning, the angles of the
hip joint are adapted (see Figure 5.7):

∏§
hpst = ∏hpst +µ6 (5.12)

∏§
hrst = ∏hrst °µ8 (5.13)
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Figure 5.7: The definition of the joint angles when the torso inclines

5.3. CONTROLLER PARAMETERS AND FITNESS FUNCTION
This section presents the parameters of a gait controller that realizes the leg-length pol-
icy described in Section 4 and the lateral movement of the CoM in the DPS. We identified
9 parameters that are essential in controlling a dynamic gait:

• Step Length (µ1): Defines the distance over which the Nao moves in a singe step
(sagittal).

• Step Height (µ2): Defines the maximal altitude between the ground and a lifted
foot. A high step height requires a faster movement of the swing leg, which may
cause instabilities. A low step height increases the possibility of tripping and limits
the step length.

• Knee Bending (µ3): Defines the maximum bending of the swing leg at the begin-
ning of the double support phase which determines the value of ±(Æb), see Figure
4.4. This parameter determines the sagittal velocity and the energy cost.

• Step Time (µ4): Defines how long a single step lasts. This parameter determines
the sagittal walking velocity.
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• Stretch Time (µ5): Defines how long it takes for the stance leg to stretch from µ3
(angle of bent knee) to its full length at the beginning of the single support phase,
see Figure 4.4.

• Torso Pitch Inclination (µ6): Defines the maximum angle that the torso leans in
the sagittal direction at the beginning of the first step. If positive, it will move the
center of mass (CoM) in the sagittal direction. If it is not set appropriately, a fall
will occur. In our experiments, the inclination lasts for 200 ms.

• Quadratic Bezier point (µ7): Defines the magnitude of the middle points in Quadratic
Bezier Curves, see Figure 4.9, which determines the force policy of the swing leg
(introduced in Section 4).

• Torso Roll Inclination (µ8): Defines the maximum angle that the torso leans in the
lateral direction. If positive, it will move the center of mass (CoM) towards the
swing leg in the frontal plane as discussed in Section 4.

• Proportion of single support duration (µ9): Defines how long the single support
phase lasts in one single step. The single support phase duration equals the prod-
uct of this parameter and the step time µ4.

All parameters except µ1 (the step length) will be optimized in the experiments. We
do not consider the optimization of the step length, because we determine the param-
eters for a fixed walking velocity. We manually set a different walking velocity v in each
experiment and determined the optimal Step Time µ4. The corresponding step length is
given by: µ1 = vµ4.

To generate a walking gait that is energy efficient and stable, we considered a fitness
function that concerns the total energy cost and the stability over a certain distance of
forward walk. The fitness function is inversely proportional to energy cost which is ex-
pressed by

C = E
mg D

(5.14)

where C is the cost of transport [127, 156], E is the total amount of energy consumed
completing the forward walk, m is the mass of the whole robot and D is the walking
distance. The energy is measured using the voltage and current readings from the on-
board battery and motors. The value of C is then used to calculate the fitness Fc using:

Fc =
43.2t
mg D

C +1
= 43.2

(C +1)mg v
(5.15)

where v is the average forward velocity for the robot to finish the distance D , 43.2 is the
maximum power consumption of the robot’s joints. This fitness function was chosen to
make Fc maximal when the efficiency is the highest. Fs is the fitness function evaluating
the motion stability.

Fs =
distance

D
(5.16)
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where distance is the travelled distance before the robot is falling, D is the whole walking
distance that robot needs to complete.

For the optimization of energy efficiency and the stability of a gait, the following gen-
eral fitness function was selected:

F =∏ ·Fc + (1°∏)Fs (5.17)

The parameter ∏ of this fitness function is a scaling parameter. In our experiments, we
gave the stability of the gait priority over the gait’s energy cost. Through the experiments,
we have tested different weight of the stability ∏ and confirm ∏= 0.3 is a proper value in
our case. We use F (µ) to denote the fitness of the gait determined by the vector µ of
control parameter values.

5.4. ALGORITHM FOR LEARNING CONTROLLER PARAMETERS

We use a form of policy gradient reinforcement learning to automatically search the set
of possible parameters with the goal of finding a stable and low energy cost walk. As-
suming that the policy is differentiable with respect to each of the parameters, we can
estimate the policy’s gradient in parameter space, and then follow it towards a local opti-
mum. But since we do not know anything about the true functional form of the policy, we
cannot calculate the gradient exactly in symbolic form. Therefore, after investigating the
policy search algorithms proposed by Saidouni et al. [132], Chernova et al. [18], Tedrake
et al. [153] and Deisenroth et al. [31], we chose to use a Policy Gradient Reinforcement
Learning (PGRL) method presented by Kohl et al. [85] to optimize the gait parameters.
Though Peters et al. [124] concluded this PGRL method has a theoretically slower con-
vergence rate among other PGRL methods, this PGRL method was the only applicable
method among those we investigated because we cannot calculate the gradient exactly.

Kohl’s method [85] is among the finite-difference methods. In PGRL, each N dimen-
sional parameter vector µ is considered as an open loop policy that can be executed by
the robot. The algorithm randomly generates B test policies µ1,µ2, ...,µB around a policy
µ, which is to be improved. The parameter µi

j of the test policy µi is set randomly to
either µ j °≤ j , to µ j , or to µ j +≤ j , for all 1 ∑ i ∑ B and 1 ∑ j ∑ N , where N is the number of
parameters. The disturbance ≤ j is a small constant value. Each test policy µi evaluated
and the corresponding value of the fitness function F (µi ) (Equation 5.17) is determined.
The test policies µi are grouped into three categories for each parameter 1 ∑ j ∑ N : S°

j ,

S0
j and S+

j , depending on whether the j th parameter of µi is modified by °≤, 0 or +≤. For

each Sx
j with x 2 {°,0,+}, we calculate the average score of the fitness values: Avg°

j , Avg0
j

and Avg+
j where

Avgx
j =

i
|Sx

j |
X

µi2Sx
j

F (µi ) (5.18)

These three average values estimate the benefit of altering the j th parameter by +≤ j , 0,
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°≤ j . An adjustment vector A of size N is calculated where

A j =

8
>><

>>:

0, if Avg0
j ∏ Avg+

j and

Avg0
j ∏ Avg°

j

Avg+
j °Avg°

j , otherwise

If A = 0, a possible local optimum is encountered. In all other cases, the adjustment A is
normalized to get a direction vector of length 1. Next, the policy µ is adapted using the
normalized direction vector. Since each parameter µ j in µ may have a different range,
and since of de choice of ≤ j will depend on the range, the normalized direction for pa-
rameter j is multiplied by ≤ j and by a scaling factor ¥. ¥ determines the accuracy and
the search speed of algorithm.

µ j √ µ j +≤
A j

|A|¥ (5.19)

PGRL continues the search using the adjusted policy µ in the next iteration.

Algorithm 1 Policy Gradient Reinforcement Learning algorithm
Input: µ (initial policy), ≤ (disturbance vector), ¥ (scaling factor)
Output: µ§ (optimal policy)

1: while A 6= 0 do
2: generate B random perturbations of µ: µ1,µ2, ...,µB

3: run experiments to determine the fitness values: F (µ1),F (µ2), ...,F (µB )
4: for j = 1 to N do
5: S+

j = {µi | µi
j = µ j +≤ j }

6: Avg+
j √ i

|S+
j |

P
µi2S+

j
F (µi )

7: S0
j = {µi | µi

j = µ j +0}

8: Avg0
j √

i
|S0

j |
P
µi2S0

j
F (µi )

9: S°
j = {µi | µi

j = µ j °≤ j }

10: Avg°
j √ i

|S°
j |

P
µi2S°

j
F (µi )

11: if Avg0
j ∏ Avg+

j and Avg0
j ∏ Avg1

j then
12: A j √ 0
13: else
14: A j √ Avg+

j °Avg+
j

15: end if
16: µ§j √ µ j +≤ j

A j
|A|¥

17: end for
18: end while
19: return µ§



5.5. LEARNING OPTIMAL PARAMETERS IN THE WEBOTS SIMULATOR

5

85

5.5. LEARNING OPTIMAL PARAMETERS IN THE WEBOTS SIMU-
LATOR

To identify the optimal gait parameters and validate the gait’s performance, we uploaded
the controller of our proposed gait together with an implementation of the policy gradi-
ent algorithm into the Webots simulator. We used a relatively elementary hand-tuned
gait as a starting policy for the policy gradient algorithm. Though a bad starting policy
may lead to a simulation failure or a local optimum, we did not deliberately An overview
of the learning loop is shown in Figure 5.8. The loop models the gait controller and learn-
ing process. At each time step, individual joint angles are computed by the motion gen-
erator, which structure is organized into two motion states using a finite state machine.
The right part of the loop defines the learning process, which outputs the learned control
policy. Each policy µ represents a group of control parameters. PGRL algorithm gener-
ates B test policies µi around µ. Each new policy was evaluated by letting a robot walk at
a constant distance of 75 cm while measuring the energy consumption and the walking
distance without falling. These values are used by the fitness function F to evaluate the
quality of each test policy µi . After evaluating all B test policies, the policy µ is updated
using Equation 5.18. We set the number of generated test policies B equal to 10, and set
scaling factor ¥ equal to 3. The used ≤ values are given in Table 5.1.

FSM

FSM

simulation

Policy 
evaluation

Update gait parametersPhase 
selection

Timing 
control

FSM

Joint trajectories

Motion Generator

FSM
Leg 

Trajectory 
Generator

Body 
Trajectory 
Generator

Gait Controller

Figure 5.8: The overview of the policy gradient reinforcement learning process

Note that the electric current of joint motors cannot be directly obtained in the sim-
ulator. Since the electric current of a motor is usually considered approximately propor-
tional to the torque produced by this motor, we retrieved the force feedback to get an
approximation of the current consumed by the motor.



5

86 5. GAIT CONTROLLER DESIGN FOR FLAT FLOOR WALKING

CONVERGENCE AND LEARNING TIME

The policy gradient algorithm converged to the parameter set P shown in Table 5.1. The
algorithm needed 1200 iterations to converge. Each iteration required on average 10 sec-
onds of computation time on a standard PC with CPU: Intel Core i5-2400 3.10GHz, and
operating system: Windows 7 Enterprise. The computation time includes the evaluation
of each of the 1200 iterations in the Webots simulator, in which the Nao robot needed to
walk for 75 cm in real time (no accelerations of the simulation).

Table 5.1: Learned Parameters set P

Symbol Parameter ≤ Learned Value
µ1 step length 0.1 3.6(cm)
µ2 step height 0.02 3.24(cm)
µ3 knee bending 0.1 14.2(°)
µ4 step time 25 600(ms)
µ5 stretch time 6 78(ms)
µ6 torso pitch inclination 0.1 8.9 (°)
µ7 Quadratic Bezier point 0.1 (0.9*DSP time, 0.2)
µ8 torso roll inclination 0.1 6.5 (°)
µ9 proportion 0.1 0.8
v velocity 6 (cm/s)

The algorithm presented here will converge to a local optimum. Therefore, the set of
parameters P shown in Table 5.1 need not be the global optimal choice of parameters.
In order to investigate whether the results could be a global optimum, we repeated the
learning experiment 500 times, each time starting from a randomly generated param-
eter vector xº with the same velocity. Figure 5.9 shows the convergence curves of the
parameter µ3 (knee bending) in five experiments. The other parameters show similar
convergence results. In every experiment the parameters converge to the same optimal
values. The results of the experiments indicate that the local optimum we have in Table
5.1 is likely the global optimum. Therefore, the parameter set P most likely results in the
globally most energy efficient gait.

The total time needed to repeat the learning experiment 500 times in order to verify
whether we identified a global optimum, was 3 weeks of computation time.

ROBUSTNESS OF THE OPTIMAL PARAMETERS VALUES

Optimization of a set of parameters under a set of constraints may result in a solution
that is not robust under small changes. For instance, the optimal energy efficiency may
result in a gait that is on the boundary of being stable. A small change in the parameter
values can make the gait unstable. Such an optimal set of parameter values does result
in gait that is robust in real world applications.

To investigate the robustness of the identified optimal parameter values, we investi-
gated how much each parameter value can vary without making the gait unstable. The
method we used to identify the boundaries of each parameter value is by adding a value
k≤ with k 2 Z to a parameter while keeping the other parameters fixed at their optimal
values. In this way we determined the boundary of the interval that guarantees a stable
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Figure 5.9: The convergence curves of gait parameter knee bending

gait. The Table 5.2 shows the epsilon value that we used for each parameter as well as
the upper and lower bound of each parameter value.

When we compare the optimal parameter values listed in Table 5.1 with the bound-
aries listed in Table 5.2, we see that only two parameters are critical, namely µ7, the
Quadratic Bezier point, and µ9, the proportion of the single support duration. The latter
parameter value µ9 is determined by the walking speed of the Nao robot and the time
to fall towards the new stance leg in the double support phase. So, this parameter is de-
termined by the movement of the robot, and not one that we can actually control. The
same holds for the former parameter value µ7, which is determined by the requirement
that the lateral movement is stopped when the CoM is above the new stance feet.

Table 5.2: The boundary of the parameter space for each control parameter of the walking gait at a speed of 6
cm/s.

Symbol Parameter ≤ Lower bound Upper bound
µ1 step length 0.1 0.0(cm) 4.5(cm)
µ2 step height 0.02 0.18(cm) 4.24(cm)
µ3 knee bending 0.1 12.6(°) 14.8(°)
µ4 step time 25 375(ms) 725(ms)
µ5 stretch time 6 24(ms) 96(ms)
µ6 torso pitch inclination 0.1 2.3 (°) 10.6 (°)
µ7 Quadratic Bezier point 0.1 (0.9*DSP time, 0.2) (0.9*DSP time, 0.2)
µ8 torso roll inclination 0.1 4.6 (°) 9.5 (°)
µ9 proportion 0.1 0.8 0.8
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Figure 5.10: The performance of the walking gait during learning iterations

PARAMETERS AND ENERGY CONSUMPTION OF DIFFERENT WALKING SPEEDS

We carried out walking experiments for nine different velocities vi between 2 cm/s and
10 cm/s. Each experiment generates an optimized set of parameter values, which deter-
mines a walking gait. We kept the parameter µ2 constant in the experiments to ensure it
does not influence the energy consumption of the gait at different walking speeds. Ta-
ble 5.3 specifies the optimal parameter values identified by the learning algorithm for
each of the nine walking speeds. Figure 5.10 shows the learning behavior for the walking
speeds of 2, 3, 4, 5 and 6 cm/s.

Table 5.3: The optimized parameters of gaits in different velocities

Velocity µ1(cm) µ2(cm) µ3 µ4(ms) µ5(ms) µ6 µ7 µ8 µ9
2 cm/s 2.3 3.24 6.2± 1150 53 4.3± (0.9,0.2) 6.8± 0.7
3 cm/s 2.9 3.24 8.7± 980 59 5.6± (0.9,0.2) 6.8± 0.7
4 cm/s 3.2 3.24 11.5± 800 67 6.1± (0.9,0.2) 6.8± 0.7
5 cm/s 3.4 3.24 12.3± 680 71 7.5± (0.9,0.2) 6.8± 0.8
6 cm/s 3.6 3.24 14.2± 600 78 8.9± (0.9,0.2) 6.5± 0.8
7 cm/s 3.7 3.24 15.6± 530 81 9.2± (0.9,0.2) 6.5± 0.8
8 cm/s 3.8 3.24 16.7± 480 83 9.4± (0.9,0.2) 6.3± 0.9
9 cm/s 3.8 3.24 16.7± 430 83 9.6± (0.9,0.2) 6.3± 0.9

10 cm/s 3.8 3.24 16.7± 380 83 9.6± (0.9,0.2) 6.3± 0.9

We computed the energy consumption of each gait. Since the Webots simulator can-
not provide the energy consumption of the joint, we estimates the energy consumption
by assuming that the energy consumption is proportional to torques of the joints. More-
over, since the individual results of the estimated energy consumption are not accurate
enough, we repeated the experiments five times to obtain the average energy cost under
the same walking velocity. The results are shown Figure 5.11. The values of the energy
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Figure 5.11: The estimated energy consumption (the blue dots) for walking a distance of 75 cm, and the corre-
sponding optimal step length (the red dots).

consumption shown on the lefthand side of the figure are calibrated using the energy
consumption of a real Nao robot while walking at 6 cm/s (see the next section).

Figure 5.11 shows the total energy needed to walk a distance of 75 cm as well as the
corresponding optimal step size of the gait. The figure shows that the most energy ef-
ficient walking speed for traversing a specified distance is 6 cm/s. The accompanying
video material1 shows the Nao robot walking on flat ground with our proposed gait con-
troller at a speed of 6 cm/s.

If we compute the power consumption for the different walking speeds, we see that
walking with a speed of 2 cm/s reduces the power consumption with 49% compared to
walking with a speed of 6 cm/s (6.1 W for 2 cm/s versus 11.9 W for 6 cm/s). However, the
total energy consumption for walking a distance of 75 cm increases with 54 %.

Since a Nao robot has a limited battery capacity, it is important to minimize the en-
ergy consumption needed to perform a task that requires walking. In that case, a walking
speed of 6 cm/s is optimal. This corresponds to a step length of 3.6 cm. In some applica-
tions, such as robot soccer, speed is more important, provided the robot does not drain
its battery before the end of the game. Figure 5.11 shows how a higher speed increases
the energy consumption. A walking speed of 10 cm/s increases the overall energy con-
sumption with 30 %.

5.6. EXPERIMENTAL VALIDATION
In this section, we present the real world experiments on an Aldebaran Nao robot, which
address the various aspects of the proposed gait on a real Nao shown in Figure 5.12.

5.6.1. GAIT ANALYSIS
The main aspects of the new gait that we analyzed, are the impact on the stability and
the energy consumption of the robot. Other aspects of interest are the movement of the
knee joint while implementing the leg-length policy, and the ground projection of the

1https://project.dke.maastrichtuniversity.nl/robotlab/wp-content/uploads/naowalk.mp4

https://project.dke.maastrichtuniversity.nl/robotlab/wp-content/uploads/naowalk.mp4
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Figure 5.12: A sequence of photos of the walking biped Nao robot walk in our proposed gait

forces working on the Nao while walking.

ACCELERATION FORCES

As introduced in Chapter 2, the Nao robot contains an IMU located at its chest that is
composed of 3-axis accelerometers and 3-axis gyrometers. During the operation of the
Nao, there are two different types of forces that can be measured by the accelerometers.
The first one is the force of gravity, which has a high magnitude and a constant value
pointing downwards. The second group consists of the inertial forces on the torso due to
the locomotion movements of the robot. Their magnitudes depend on the smoothness
of the locomotion.
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Figure 5.13: Aldebaran Nao:The robotic platform we employed in this thesis and its acceleration vector

Since gravity is commonly the main force that can be measured at the torso, the sig-
nals provided by the accelerometers and gyrometers can be employed to estimate torso
orientation. With the torso orientation, we determine the acceleration a0

x along the ori-
entation of x axis in the world coordinate system and the acceleration a0

y along the ori-
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entation of y axis in the world coordinate system.

a0
x = az sin'y +ax cos'y (5.20)

a0
y = °az sin'x +ay cos'x (5.21)

where ax , ay and az are the accelerometer measurements in the x, y and z axis respec-
tively. 'x and 'y are the estimated torso roll angle and pitch angle respectively, based
on the accelerometer and gyroscope measurements. In the direction along z axis of the
world coordinate system, the acceleration on the robot equals gravitational acceleration
9.81 (m/s2), which can not be changed by robot movement (see Figure 5.13). To describe
the dynamics of the robot, the trajectory of the robot acceleration vector is evaluated in
the axial plane, neglecting acceleration in the z axis of the world coordinate system. We
employed this 2D trajectory to measures the torso oscillation, see Figure 5.14.
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Figure 5.14: The comparison between the projected acceleration vector in the sagittal and frontal plane on a
real robot and the reference projected acceleration vector in the simulator.

For comparison, we introduced a reference trajectory for the acceleration vector in
Figure 5.14. We obtained this reference trajectory by simulating the robot’s movement
with identical controller parameters in Webots. In the simulator, we removed all the ex-
ternal factors which could potentially disturb the robot’s stability and there is no noise
in the data retrieved from the IMU.

We can observe in the Figure 5.14 that the accelerations in the sagittal and lateral
direction are sometimes twice as high as the reference accelerations that we identified
using the Webots simulator. Possible causes of these differences are the wooden plank
floor on which the Nao was walking and the internal joint movements (the joints, motors
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and gearboxes). Despite the higher accelerations that sometimes appear, the controller
of the new gait can still generate a stable walking pattern.

ENERGY CONSUMPTION

We evaluated the energy consumption of the hip, knee and ankle joints of the Nao robot
by comparing it with the energy consumption of the standard gait which Aldebaran ships
with the Nao robot. We determined the power consumption by measuring the currents
drawn by the joints. Given a fixed voltage, the currents are linearly proportional to the
supplied power. Figure 5.15 shows the average electric current of the joints for the two
gaits.

For a step length of 3.6 cm, the current at the knee joint reduces by 32.7% (from 0.52
A to 0.35 A). This reduction is caused by the stance-leg being fully stretched during 88 %
of a step. The knee joint of a stretched leg requires less power because the radial forces
on the stance-leg result in none torque on the knee joint. The bent knee joint of the
standard gait must always maintain a torque to handle the radial forces on the stance
leg, and therefore, consumes more power.

The new gait does not require ankle stiffness for being dynamically stable while walk-
ing. This made it possible to reduce the ankle roll stiffness to 0 and the ankle pitch stiff-
ness to 10% of full stiffness. Because of this stiffness reduction, the current of the ankle
joint decreases by 83.3% (from 0.30 A to 0.05 A). In the standard gait the ankle stiffness is
essential for maintaining the dynamic stability while walking. Reducing the ankle stiff-
ness to 10 % of the full stiffness will lead to a fall of the Nao robot for the standard gait.

There is an increase of the current by 25% (from 0.12 A to 15 A) in the hip joints. This
increase of power consumption is caused by the torso inclination. The hip actuators
consume slightly more energy to execute the torso inclination.

The reduction in power consumption of the knee and ankle joints outweighs the in-
crease in power consumption in the hip joints. The power consumption of the new gait
is still 41% less than for the standard gait of the Nao provided by Aldebaran. The overall
current of whole body of a Nao for each walk with step length 3.6 cm is shown in Figure
5.16.

Figure 5.15: Comparison of the measured current for three joints (hip, knee, ankle).
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Figure 5.16: The whole body current of a Nao after walking 0.75 meter with the step length 3.6 cm. The lines
represent the unfiltered current values from two different walking gait. Note that the mean value of our pro-
posed walk is clearly lower than that of the Aldebaran walking gait

MOVEMENT OF THE KNEE JOINT

An essential aspect of the new gait proposed in this thesis is the leg-length policy. We
investigated the realization of the leg-length policy by measuring the angle of the stance
leg during a step. Figure 5.17 shows the realized joint angle during a step. We can clearly
observe that the leg stretches in the beginning of the single support phase and remains
stretched during the remainder of the single support phase and during the double sup-
port phase.

Figure 5.17: The knee angle for the stance leg implementing the leg-length policy

GROUND PROJECTIONS OF FORCES

A criterion such as the ZMP requires that the point where the vector of all the forces
working on the CoM crosses the walking surface, lies within the support polygon. If the
point lies within the support polygon, it is called the Zero Moment point (ZMP) or the
Center of Pressure (CoP). If it lies outside the support polygon, the ZMP is not defined
and the robot is considered to be unstable according to the ZMP stability criterion, see
Section 3.3. We are therefore interested in the vector projection of all the forces applied
on the CoM.
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Figure 5.18: The trajectory of the point where the acceleration vector crosses the ground surface. The acceler-
ation vector is retrieved from the IMU by sampling its values at a rate of 120 Hz. We average over 4 samples to
smooth the curve. The red dots denote the locations to the ankle joins and represent the support points. Also
the vertical ground projection of the CoM is shown. Note that the feet are shown at 10% of their actual sizes.

The IMU of the Nao robot enables us to measure the acceleration vector of the torso,
and indirectly of the CoM. According to Newton’s Laws of Motion, the direction of the
acceleration of an object is the same as the direction of the applied force. Since we can
measure the joint angles of the Nao, we can compute where the acceleration vector, and
therefore the force vector, crosses the ground surface. We call this the ground projection
of the acceleration vector. Figure 5.18 shows the movement of the projection of the ac-
celeration vector on the ground surface. Because of the ankle pitch stiffness of 0.1 and
the ankle roll stiffness of 0, the ankle joint is essentially underactuated. The implies that
the weight of the robot is supported by only a small area under the ankle joint. The red
dots in Figure 5.18 denote the centers of these small areas. To be stable according to the
ZMP criterion, the projection of the acceleration vector should stay near a red dot except
during the double support phase. Clearly, this is not the case for the proposed gait. This
implies that there is an uncompensated torque working on the CoM of the robot, and
therefore the robot starts to rotate around the underactuated ankle joint. This, however,
is a feature of the proposed gait. The reason that the robot does not fall is because the
swing foot will touch down before the robot falls in the sagittal direction and the force
policy stops the fall in the lateral direction. Therefore the gait is dynamically stable.
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5.7. CONCLUSION
In this thesis, we have investigated the possibility of creating a dynamically stable and
energy efficient gait without an area of support. Here, the absence of an area of support
means that the ankle joint is free to turn in any direction while the foot is on the ground.
In the sagittal direction the robot is falling forward till the foot of the swing leg touches
the ground. In the lateral direction, the robot balances above the stance foot in the single
support phase, and falls towards the new stance foot in the double support phase. The
falling towards the new stance foot is stopped by putting a force on the new stance leg.

In the previous chapter, we determined a new gait for a robot by analyzing how the
length of the stance leg should change during a step in order to minimize the energy
consumption. This analysis was carried out with an abstract model of a robot which
needs to be fine-tuned for a real robot. In this chapter, we described a controller that
realizes the energy efficient gait on a Nao robot. This controller has 9 parameters, which
have been determined through reinforcement learning using the Webots simulator of the
Nao robot. The resulting gait was subsequently evaluated on a real Nao robot.

Experiments with the new gait on the Nao robot have shown that no area of support
is needed to create a stable gait. Moreover, an overall reduction of the energy consump-
tion by 41% was realized with respect to the standard gait of the Nao robot provided by
Aldebaran.

The absence of an area of support allows the robot to adapt its foot to an uneven floor.
However, an uneven floor may influence the falling in the sagittal and lateral direction
during a step and thereby the robot’s stability. In the next chapter, we will extend the
controller with a feedback loop in order to compensate for the effects of walking on an
uneven terrain.

Research Question The results of this chapter provide us with answers to research
questions 4 and 5.

4. How to design the controller for gait generation ?

The control of biped locomotion is difficult because biped robots are high-dimensional
dynamical systems. We have developed a simple controller that can be used to
generate various biped gaits. The controller has 9 control parameters that deter-
mine the generated gait. The parameters reflect the detail with which we model
the gait. The parameters can be grouped into four categories: (a) sagittal motion
(b) lateral motion (c) stability (d) time control.

The most important parameters for biped gait are Knee Bending (µ3) and the Quadratic
Bezier point (µ7). The resulting leg-length policy and force policy mainly depend
on these two parameters. Other parameters also make significant contributions
to generate a robust balanced gait, such as the Torso Pitch Inclination (µ6) which
helps the torso to lean forward a bit, the Step Height (µ2) and the Step Time (µ4),
which determine the lift of the swing foot upwards and forwards for a fixed dis-
tance in a fixed duration of time.

5. How to optimize the energy efficiency for the walking gait on a flat floor ?



5

96 5. GAIT CONTROLLER DESIGN FOR FLAT FLOOR WALKING

Given the parametrized controller, the problem of finding a desired motion was
reduced to assigning a set of values to the control parameters. A desired motion is
defined through the choice of a fitness function: one that measures the travelled
distance without falling or the total energy consumption when the maximum dis-
tance is reached without falling. We can search for the values of the control pa-
rameters that lead to an optimal value of the fitness function.

The optimal set of parameters was determined through policy gradient reinforce-
ment learning. To ensure that the identified set of parameter values corresponds
to a global optimum, the trial simulations were restarted with random initial pa-
rameter values. In call cases, the reinforcement learning algorithm converged to
the same set of parameter values. The optimized gait was implemented and anal-
ysed on a real Nao robot to validate the results found in the Webots simulation
environment.



6
WALKING ON UNEVEN TERRAINS

6.1. INTRODUCTION

A CCOMPLISHING tasks in complex or unknown environments is one of the most rele-
vant applications for a biped humanoid robot. Therefore, it is required to have ro-

bustness and terrain-adaptive properties in the walking controller. Though the method
presented in previous chapters shows the effectiveness of using a combination of a leg-
length policy, a force policy and a policy gradient reinforcement learning method to ob-
tain an energy-efficient bipedal walk gait on level ground, that gait has its limitation.
The stability of the gait can not be guaranteed when external disturbances occur. This
means that any disturbance such as a push or stepping on uneven terrain may jeopar-
dize its balance. For example, if the robot is standing on a slope or stepping on a bump,
its feet on the ground are not on the same altitude, this may cause the CoM undershoot
or overshoot the balance position when switching the stance leg. To enhance the walk-
ing stability especially on uneven terrain and with unknown disturbances, we adapt the
controller introduced in Chapter 5.

6.2. UNEVEN TERRAINS VERSUS SLOPES
Since a step on uneven terrain causes a difference in altitude for the two feet of the biped
robot, we assume that each step of the walk on an uneven ground can be viewed as a step
on a (virtual) slope (see Figure 6.1). The angle of the slope is determined by the differ-
ence in altitude of both feet when they are firmly placed on the ground. In the sagittal

This chapter is an updated and expanded version of the following publication:

1. Z. Sun, and N. Roos: A Controller for Improving Lateral Stability in a Dynamically Stable Gait," in AIAI:
12th IFIP International Conference on Artificial Intelligence Applications and Innovations, 2016. pp.
371-383. Springer.

2. Z. Sun, and N. Roos: "Dynamically stable walk control of biped humanoid on uneven and inclined
terrain," Neurocomputing, 2018, vol. 280, pp. 111-122. Elsevier.
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Frontal plane Sagittal plane
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left legright leg

left leg right leg

Figure 6.1: The illustration of the assumption: a complex terrain can be modeled as the discrete slopes.

direction, this corresponds to walking up or down a flat slope. In the lateral direction,
this corresponds to walking perpendicular to the slope direction at a constant height.
We define the slope angle to be positive if left foot is landed higher than the right foot in
the frontal plane, or the new support foot is landed higher than the rear foot in the sagit-
tal plane. Hence, the complex terrain with obstacles, including bumps, pits and slopes,
can be modeled as slopes of variable angles.

To solve the balancing problem on uneven terrain, the gait controller should be adap-
tive to the various slopes by changing the control parameters. We will learn the optimal
control parameters for different slope angles in the sagittal and lateral direction. In this
way, we identify the optimal control parameters for specific differences in the height of
the feet. The analysis of the identified control parameters will subsequently show that
we can adapt the control parameters for the single and the double support phase inde-
pendently.

6.3. ADAPTIVE CONTROLLER DESIGN
We designed a controller for walking on a flat horizontal ground surface in the previous
chapter. We need to modify the control parameters of this controller when the robot is
walking on a slope. Before we can use the controller for walking on a slope, we need
to adapt one aspect. The controller described in Chapter 5 assumes that the body is
normally in a vertical position. This position is guaranteed by the adapting the hip pitch
and yaw joints using information about the joints on the kinematic chain from the body
to the stance foot (Equations (5.10) and (5.11)). When walking on an uneven terrain,
we can no longer assume the stance foot is in a horizontal position, and therefore, this
solution is no longer applicable.

To ensure a vertical position of the body, except at start of the first step, and except at
the start of the double support phase, information from the IMU will be used. The IMU
measures the acceleration and the angular rotation in three dimensions. Since grav-
ity produces the largest acceleration vector, it is possible to estimate the position of the
robot’s body (see Subsection 2.4.2). This makes it possible to design a control loop that
ensures a vertical position of the robot’s body. Figure 6.2 illustrates the architecture of
the control system which consists of an Inertial Measurement Unit (IMU), a PID con-
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troller and a hip joint. The input of the control system is the required angle of the upper
body. The actual angle of the torso is measured by an IMU. The difference between the
required and the actual angle is used by the PID controller to adapt the output angles of
the hip joint.

PID 
controller

Required joint angel

IMU 

The actual output angles

+-
Hip joint

-+

Figure 6.2: The structure of closed-loop control systems for body motion.

6.3.1. ANALYSIS OF THE SINGLE SUPPORT PHASE
A total of 9 control parameters serve to define the walking gaits (see Section 5.3). The
parameters relevant for the single support phase are the step height, the knee bending,
the torso inclination, the knee stretching time and the duration of the single support
phase. When designing a controller that can handle disturbances influencing the sagittal
stability, we must determine proper control parameters which guarantee a stable walk
on an uneven terrain in the sagittal direction. Moreover, as we mentioned in the previous
section, the robot’s single step on the uneven terrain can assumed to be one on a slope
with a certain angle. So after the robot lands the swing foot on the ground, according to
the height difference of the feet, we can categorize the step into two types: the uphill or
downhill. If the altitude of the landed swing foot is higher than the altitude of the stance
foot, the step is determined as a uphill step. If the altitude of the landed swing foot is
lower than the altitude of the stance foot, the step is a downhill step.

We designed a series of experiments in the simulator Webots to obtain the optimal
control parameters while walking on a specified slope type. In the experiments, the same
reinforcement learning algorithm as described in Section 5.4, is used to find the proper
control parameters that can generate a stable walking gait on different slopes. The ex-
periments require that the robot walks on slopes where the slope angle varies from -0.17
rad to 0.17 rad in the sagittal plane, which corresponds to -10° to 10°. We repeatedly let
the robot walk 10 steps while running the reinforcement learning algorithm. We do not
run the learning algorithm for fixed walking speeds of the robot as we did in the previous
chapter. Instead, we choose to fix the step size µ1 at 3.6 cm and the step time µ4 at 650
ms. These two parameter values determine the most energy efficient speed of 6 cm/s
on a horizontal flat ground. Since the step size specification is based on a horizontal
ground surface, the actual step size on a slope may differ because the swing foot may hit
the ground earlier or later depending on the slope angle. This implies that uphill walking
reduces the speed while downhill walking increases the speed.

Table 6.1 shows the learned optimal control parameters of the gait for different slope
angles p and the corresponding feet height difference h = µ1 sin(p). As the slope an-
gle increases from negative to positive, the parameters µ2 (Step Height), µ4 (Step Time)
and µ9 (Ratio) remain constant, while h (feet height difference), µ3 (Knee Bending), µ5
(Stretch Time), µ6 (Torso Pitch Inclination) and µ8 (Torso Roll Inclination) depend on the
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Table 6.1: Experimentally learned control parameters relevant for the single support phase on different slopes
in the sagittal direction. p is the angle of the slopes. h is the height different of the feet, which is determined
by Equation h = µ1 sin(p). h is positive in a uphill step, negative in a downhill step. Parameter µ1, µ2, µ4 and µ9
are fixed. Parameter µ3, µ5, µ6, µ7, µ8 need to be optimized according to the slope angle.

p h(cm) µ2(cm) µ3 µ4(ms) µ5(ms) µ6 µ7 µ8 µ9

-10° -0.63 3.24 8.5° 650 64 0° (0.92 0.28) 9.5° 0.8
-7° -0.44 3.24 9.2° 650 68 1.4° (0.91 0.27) 7.5° 0.8
-5° -0.31 3.24 11.7° 650 70 4.1° (0.91 0.26) 7.1° 0.8
-3° -0.19 3.24 13.7° 650 75 5.7° (0.90 0.22) 6.9° 0.8
0° 0.00 3.24 14.2° 650 78 8.9° (0.90 0.20) 6.5° 0.8
3° 0.19 3.24 14.4° 650 76 10.2° (0.86 0.16) 5.2° 0.8
5° 0.31 3.24 15.2° 650 75 13.5° (0.85 0.14) 3.4° 0.8
7° 0.44 3.24 15.7° 650 74 14.9° (0.82 0.14) 2.2° 0.8

10° 0.63 3.24 16.1° 650 73 16.3° (0.78 0.12) 1.5° 0.8

slope angle. The control parameters µ3, µ5 and µ6 regulate the locomotion in the single
support phase. We must design a sagittal controller that adjusts these variable parame-
ters in order to maintain a stable gait on unknown slopes. The Torso Roll Inclination µ8
is a parameter of the double support phase. Its value only depends on the difference in
step height. We will address the control of this parameter in Subsection 6.3.3 where we
address the double support phase.

6.3.2. THE SAGITTAL CONTROLLER

The main task of the sagittal controller is to generate a leg-length policy that is able to
adapt to unknown slopes. As shown in Figure 4.4, the leg-length policy is determined by
two parameters: µ3 (Knee Bending) and µ5 (Stretch Time). The parameter µ3 determines
the shortening ±(Æb) (shown in the Figure 4.4) of the virtual telescopic leg at the begin-
ning of the single support phase. This parameter only depends on the difference in step
height and on the step time. The parameter µ3 is determined by the bending of the knee
of the swing leg at the end of the double support phase. So, the only parameter of the
leg-length policy that can be controlled, is µ5.

A good value for the parameter µ5 depends on the slope angle p. The only infor-
mation that we have about the slope angle is the difference in step height of the two
feet before a step. We could use the latter to control the parameter µ5. A disadvantage
of this choice is the inability to compensate for disturbances during a step; e.g., strong
wind, collisions with other robots, etc., which may have a similar effect as walking on a
slope. Moreover, the robot cannot adapt the leg-length policy during a step. Therefore,
we chose Æ (the angle between a virtual leg and its vertical line, see Figure 4.1), angular
speed Æ̇, angular acceleration Æ̈ and µ3 as inputs for our sagittal controller. Note that the
leg-length policy is a function of the angle Æ for a fixed slope angle p. Different slope
angles result in different angular speeds Æ̇ and different angular accelerations Æ̈ for the
same angle Æ. These inputs are therefore used to implicitly identify the slope angle p.
Finally, in order to adapt the leg-length policy during the single support phase, the con-
troller should directly output the knee angle of the stance leg. Therefore, we decided to
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use a neural network, shown on the left side of Figure 6.4, to generate the trajectory of
the angle on the stance knee joint (see Figure 6.3) using Æ, Æ̇, Æ̈ and µ3 as inputs. To col-
lect the training data for the neural network, we let the robot walk on a slope using the
controller described in the previous chapter and using the learned parameter values for
the slope, and we sampled the knee angle ∏kst and the inputs Æ, Æ̇, Æ̈ and µ3 (see Figure
6.3). The resulting data was used to train the neural network using back propagation.

In the Figure 6.3, ∏kst is the angle of knee joint on the stance leg. Angle ∏b
kst is the

value of the knee angle at the beginning of the step. Angle Æ is the angle between the
stance leg and the vertical axis. Æb and Æe denote the value of Æ at the beginning and at
the end of a step, respectively. ∏i

kst is the value of the ith sampled angle of the knee joint.
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Figure 6.3: The trajectory of a knee joint on the stance leg and its sampled value.
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Figure 6.4: The neural networks used to generate a stable walk on uneven terrains. The neural network on the
left has four inputs to outputs the sampled angle of the knee joint, which implements the leg-length policy
±(Æ). The middle one has three inputs and its output is the sampled knee stiffness of swing leg µp . The right
most neural network uses control parameter µ3 as the input and outputs the control parameter µ8.
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6.3.3. ANALYSIS OF THE DOUBLE SUPPORT PHASE
When designing the controller that can handle disturbances during the double support
phase, we must determine the control parameters of the gait which guarantee the robot’s
lateral stability on an uneven terrain. As for the sagittal controller, we choose to fix the
step size µ1 at 3.6 cm and the step time µ4 at 650 ms, which corresponds to the most
energy efficient gait on a horizontal flat surface. We let the robot walk perpendicular
to the slope direction. Since the left and right feet are at different heights, the control
parameters for the left and right leg might be different. Therefore, the control parame-
ters specified in Section 5.3, are split into two parameter sets: for the left leg µL

i and for
the right leg µR

i respectively. We used the controller described in Chapter 5 to learn the
optimal set of the control parameters for walking on different slopes.

We designed a series of experiments in the simulator Webots to obtain the optimal
control parameters while walking on a specified slope type. In the experiments, the same
policy reinforcement learning method used in Subsection 5.4, was used to find proper
control parameters that can generate a stable walking gait for different slopes. The ex-
periments required the robot to stand on slopes for which the tilt angle varied from -0.09
rad to 0.09 rad in the robot’s frontal plane, which corresponds to -5° to 5°. Since in frontal
plane, slopes with negative tilt angles are opposite to those with positive angles, the re-
sults of left leg on slopes with negative angle are identical to the results of right leg on
slopes with positive angle and vice versa. Therefore, we decided to run the experiments
on slopes for which the tilt angle varies only from 0.00 rad to 0.09 rad in robot’s frontal
plane (see Figure 6.1). We repeatedly let the robot walk for 5 seconds while running the
reinforcement learning algorithm. After the result of reinforcement learning converged
while the robot’s movement became stable, the control parameters were recorded.

Table 6.2 shows the control parameters of the gait for the different lateral slopes q and
corresponding feet height difference k = d tan(q). Here, d denotes the distance between
the centers of both feet in the lateral direction, which is 9.5 cm in our experiments. As
the slope angle q increases from 0° to 5°, the parameters µ2 (Step Height), µ4 (Step Time),
and µ9 (Ratio) were kept constant, while k (feet height difference), µ3 (Knee Bending),
µ5 (Stretch Time), µ6 (Torso Pitch Inclination), µ7 (Quadratic Bezier point) and µ8 (Torso
Roll Inclination) depend on the slope angle. The parameters µ3 and µ5 overlap with the
parameters controlled by the sagittal controller. Table 6.1 and Table 6.2 show that the
same height difference between the two feet (h in the Table 6.1 and k in the Table 6.2)
results in the same values for the parameters µ3 and µ5.

The lateral controller only needs to adapt the parameters µ7 and µ8. The parameter
µ8 also played a role when walking uphill or downhill. Tables 6.1 and 6.2 show that the
same height difference between the two feet (h in the Table 6.1 and k in the Table 6.2)
results in almost the same value for the parameter µ8. Therefore, µ8 does not depend on
the type of slope. We designed a lateral controller for the double support phase to adjust
the parameters µ7 and µ8 in order to maintain the gait’s stability on unknown slopes.

6.3.4. THE LATERAL CONTROLLER
The main task of the lateral controller is to ensure that the robot is balanced during the
double support phase. The lateral stability is determined by the parameters µ7 (Quadratic
Bezier point) and µ8 (Torso Roll Inclination). Both parameters depend on the lateral slope
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Table 6.2: Experimentally learned control parameters relevant for the double support phase on different slopes
in the lateral direction

q k (cm) µL
2 (cm) µL

3 µL
4 (ms) µL

5 (ms) µL
6 µL

7 µL
8 µL

9
0° 0.00 3.24 14.2° 650 78 8.9° (0.90,0.20) 6.5° 0.8
1° 0.17 3.24 14.5° 650 76 10.1° (0.86 0.16) 5.5° 0.8
2° 0.33 3.24 15.3° 650 75 13.5° (0.84 0.14) 3.5° 0.8
3° 0.50 3.24 15.5° 650 74 15.1° (0.80 0.12) 2.0° 0.8
4° 0.66 3.24 16.1° 650 72 16.8° (0.78 0.12) 1.5° 0.8
5° 0.83 3.24 16.4° 650 70 17.3° (0.76 0.12) 1.5° 0.8
q k (cm) µR

2 (cm) µR
3 µR

4 (ms) µR
5 (ms) µR

6 µR
7 µR

8 µR
9

0° 0.00 3.24 14.2° 650 78 8.9° (0.90,0.20) 6.5° 0.8
1° -0.17 3.24 13.5° 650 74 5.8° (0.90 0.22) 6.7° 0.8
2° -0.33 3.24 11.7° 650 70 4.0° (0.91 0.26) 7.1° 0.8
3° -0.50 3.24 9.6° 650 68 1.3° (0.92 0.28) 8.5° 0.8
4° -0.66 3.24 8.5° 650 65 0.0° (0.92 0.29) 9.5° 0.8
5° -0.83 3.24 8.2° 650 65 0.0° (0.94 0.29) 9.5° 0.8

angle.
The knee angle ∏ksw of the swing leg at the end of the double support phase, which

is equal to µ3, encodes information about the height difference between the two feet.
We can use the information to control the parameter µ8 using the right most neural net-
work displayed in Figure 6.4. We used the information from Table 6.2 to train this neural
network using back propagation.

We could also use a neural network to set the parameter µ7 using µ3 as input. A dis-
advantage of this choice is the inability to compensate for disturbances such as wind,
which may have a similar effect as walking on a slope, because the robot cannot adapt
the force policy during a step. Therefore, we chose angle Ø0, angular velocity Ø̇ and an-
gular acceleration Ø̈ as inputs for our controller. Angle Ø0 is the angle between the swing
leg and the vertical axis in the frontal plane, Ø is the angle between the stance leg and the
vertical axis in the frontal plane, as illustrated in Figure 4.7. Note that the force policy is
a function of the angle Ø0 for a fixed slope angle. Different slope angles result in differ-
ent angular speeds Ø̇ and different angular accelerations Ø̈ for the same angle Ø0. These
inputs are therefore used to implicitly identify the lateral slope angle.

At the end of the double support phase, (Ø0, Ø̇, Ø̈) must become equal to (0,0,0). So,
in the neighborhood of (0,0,0) the value of µ7 is not well defined. Therefore, µ7 cannot
be adapted by a neural network that uses (Ø0, Ø̇, Ø̈) as inputs. Instead of µ7, the trajectory
of stiffness will be directly determined by a neural network controller. The sampled stiff-
ness values from the trajectories defined by different values of µ7 can be seen in Figure
6.5.

6.4. GAIT CONTROLLER
In the previous section, we investigated how our controller described in Chapter 5 must
be adapted to enable walking on uneven terrains. The main adaptations are:
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Figure 6.5: Sampled stiffness of the knee joint on the swing leg over angle Ø0

• The IMU is used the ensure that the body is normally in a vertical position, except
when the robot starts walking (µ6) and at the start of each double support phase
(µ8).

• The leg-length policy is generated by a neural network instead of a function im-
plementing a sinusoid.

• The Torso Roll Inclination µ8 is set by a neural network that uses the knee bending
of the swing leg at the end of the double support phase as input.

• The trajectory of the knee stiffness is generated by a neural network instead of a
function implementing the Quadratic Bezier curve.

The design of the resulting controller is shown in Figure 6.6.
Beside these changes to the controller described in Chapter 5, two additional changes

have been made. The finite state machine of the original controller is time-based. Timers
determine the length of the single and the double support phase. On an uneven terrain
without fixed slope angles, the duration of the single and the double support phase can
no longer be known. Therefore, the time-based finite state machine is replaced by an
event-based finite state machine. We use two events to trigger state transitions, the heel-
strike and the moment that Ø0 becomes 0. The heel-strike causes the transition from the
single to the double support phase, and the moment that Ø0 becomes 0 causes the tran-
sition from the double to the single support phase.

The neural networks use (Æ, Æ̇, Æ̈), µ3 and (Ø0, Ø̇, Ø̈) respectively, as inputs. So, the gait
controller needs to determine these values. Since the body is kept in a vertical position
using the IMU, we can compute the position of the stance foot and of the swing foot in
the double support phase using forward kinematics with the joint angle as input. This
enables us to also compute Æ and Ø0. The Nao robot that we use in the experiments, has
a built-in function ALMotionProxy::getPosition that implements these computation and
returns the value of Æ and Ø0 as outputs. The remaining inputs of the neural networks
can be determined using the IMU. The gyroscope of the IMU gives information about Æ̇
and Ø̇ and the accelerometer gives information about Æ̈ and Ø̈. Note that these values
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Figure 6.6: Structure of the controller for the single and the double support phase. The top neural network
outputs the sampled values of the stance leg’s knee angle, the middle neural network outputs the sampled

values of the swing leg’s knee join stiffness, and the bottom neural network determines Torso Roll Inclination

can also be derived by monitoring the changes in the angles Æ and Ø0 respectively, or the
changes in the angles ∏hpst and ∏hrsw respectively.

6.5. EXPERIMENTS
We implemented three neural networks to control the robot’s stability by adjusting the
controller parameters to unknown slope. All of the neural networks has a simple struc-
ture with one hidden layer and use Sigmoid as the activation function. The back-propagation
method has been applied for training multi-layer feed-forward networks. In the Figure
6.4, the first neural network has four inputs and its output is the sampled angle of the
knee angle, which implements the leg-length policy ±(Æ). The second one has three in-
puts and its output is the sampled knee stiffness of swing leg µp . The last neural network
is the most simple one, which uses control parameter µ3 as the input and outputs the
control parameter µ8. With the trained networks, we implemented a controller that en-
ables a Nao robot walk on uneven terrains.

6.5.1. UNEVEN TERRAINS

Uneven terrains provide a tests-bed for controller robustness since the robot faces changes
in the environment that are unexpected, such as sudden changes in inclination. To
evaluate the robustness of the gait controller, we used a simulation environment that
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(a) perlinNOctaves = 100 (b) perlinNOctaves = 10

Figure 6.7: The uneven terrains generated in the Webots with the parameter perlinNOctaves in 100 and 10.

can generate multiple classes of terrain obstacles that include bumps, pits and slopes.
Specifically, we used the commercial simulator Webots 1 that uses the Open Dynamics
Engine (ODE) for physics simulation. The simulator enables us to make the terrain ob-
stacles arbitrarily difficult. We chose environments that are challenging while remaining
viable. All of the terrains are generated randomly based on Perlin noise [123] and the pa-
rameters specified in Table 6.3. Figures 6.7(a) and 6.7(b) show two Webots world models.

In the experiment, we generate random uneven terrains by introducing Perlin noise,
which is a type of gradient noise, on the parameters xDimension and zDimension. These
two parameters indicate the number of points in the grid height array in the x and z
direction. The grid can provide a certain degree of irregularity of uneven terrains that
we expect in the nature environment. The roughness of the terrain is controlled by the
parameter perlinNOctaves. Figure 6.7(a) and 6.7(b) demonstrate the two uneven terrain
generated based on the different perlinNOctaves.

Table 6.3: The parameters used to generate uneven terrains in Webots.

Type parameter Value
SFVec3f translation 0 0 0

SFRotation rotation 0 1 0 0
SFVec3f size 50 5 50
SFInt32 xDimension 50
SFInt32 zDimension 50
SFInt32 randomSeed 0.5
SFBool flatCenter TRUE
SFBool flatBounds TRUE
SFInt32 perlinNOctaves °231 to 231

When the robot walks on the uneven floor and a new step begins with the single
support phase, the neural network in the sagittal controller takes the values µ3 (Knee
Bending), Æ retrieved from the joint sensors and (Æ̇, Æ̈) from the IMU as the input vector
and outputs the sampled angle of the knee angle on the stance leg. When the double
support phase begins, the first neural network in the lateral controller uses (Ø0, Ø̇, Ø̈) as
input and outputs the value of the knee stiffness µp on the swing leg, which guarantees

1A robot simulator developed by Cyberbotics. https://cyberbotics.com/
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that the CoM rotation around ankle stops at the balance point. The second neural net-
work in the lateral controller takes the value of µ3 (Knee Bending) as input at the end
of the double support phase and outputs the value of µ8, which is used to determine
the angle of the torso that leans in the lateral direction during the next double support
phase. Together with the other fixed parameters, the gait controller generates updated
joint commands to avoid CoM undershoot or overshoot caused by uneven terrains and
other disturbances.

6.5.2. EVALUATION OF STABILITY

In order to validate the gait’s dynamic stability on different randomly generated uneven
terrains, we performed a series of experiments with a Nao robot in the simulation envi-
ronment Webots. We implemented the proposed controller and validated the result by
letting the robot walk a constant distance (0.5 meters). The step size was fixed to 3.6 cm.

Simulated terrain (perlinNOctaves = 100) The first terrain, in Figure 6.7(a) represent
a relatively easy terrain for locomotion. This terrain was generated with the parameters
in Table 6.3 and perlinNOctaves= 100.

Figure 6.8 shows the vertical projection of the CoM on the ground. Each foot shown
in this figure is 10 times smaller than a real foot and does not represent the area of sup-
port during the SSP. Because of the low stiffness on the support ankle joint, the ankle can
move freely in the sagittal and the lateral direction. Therefore, the area of support of a
foot is constrained to a small area formed by the location of the ankle joint, instead of
the foot area that contacts the ground. Each red dot in Figure 6.8 indicates the position
of ankle joint in the contact area of a foot during one step. The figure shows that, in
the lateral direction, the CoM trajectory does not overshoot or undershoot the support
points (red dots) on uneven grounds, which proves that the proposed gait is stable on
this terrain.

Simulated terrain (perlinNOctaves = 10) To generate the second terrain, shown in Fig-
ure 6.7(b), the parameter perlinNOctaves was set to 10, making it more prone to the ex-
istence of more hills and higher inclination.

Figure 6.9 shows the vertical projection of the CoM on the ground. Also in this fig-
ure, each foot is 10 times smaller than a real foot and does not represent the area of
support during the SSP. Because of the low stiffness on the support ankle joint, the area
of support of a foot is constrained to a small area formed by the location of the ankle
joint indicated by the each red dot in Figure 6.9. Therefore, stability criteria such as the
ZMP criterion are not applicable. The figure shows that, in the lateral direction, the CoM
trajectory does not overshoot or undershoot the support points (red dots) on uneven
grounds. Especially overshooting the support point would make it more difficult to keep
the balance. The experiment demonstrates that the proposed gait is stable on this type
of terrains. The controller presented in Chapter 5 cannot generate a stable walk on this
type of terrain. This shows that the controller proposed in this chapter is essential for
walking on uneven terrains.



6

108 6. WALKING ON UNEVEN TERRAINS

50 10 15

5

-5

0

CoM

Single support phase

La
te

ra
l d

ire
ct

io
n:

 Y
 (c

m
)

Sagittal direction: x (cm)

The CoM Trajectory of Proposed Gait on Uneven Terrain (perlinNOctaves = 100)

Figure 6.8: The trajectory of the CoM projection on the uneven terrain (perlinNOctaves = 100). The sample
rate retrieved from IMU is 120 Hz, and each 4 samples are averaged to smooth the curve. The red dots denote
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Figure 6.10: The proposed walk gait on different slopes in the simulation.

Side-way Stability on different slopes We analyzed the roll angles trajectories of left
and right leg when robot walks on slope with angle 0.02 rad (º 1°), 0.05 rad (º 3°) and 0.09
rad (º 5°) in both the sagittal and lateral direction (see Figure 6.10). Figure 6.11 shows
that left foot is higher than the right one on the slope because the joint of right leg rotates
less than the joint on left leg to let the CoM approach its balance point. Moreover, under
the different slope angles, the duration of one step does not change, which means that
our proposed gait can make a stable walk on different slopes without the loss of walking
velocity. The reason why we constrain the slope angle within 0.09 (º 5°) is because the
behavior of the robot becomes unstable when it walks on steeper slopes. We observed
that the chance of a collision between the front of the Nao’s big feet and slope surface
increases as the slope angle increases. The collision undermines the dynamics of the
gait and may cause the robot tip over. To avoid this situation, the walking pattern of
swing leg needs to be changed and the robot should be able to observe in some way the
angle of the surface. For example, given information of terrain, the foot sole can be pre-
paralleled with slope to avoid a collision before landing on the ground. This solution is
problematic because the slope angle may change and visual feedback is a challenging
problem. Another problem is the Nao’s smooth sole, which do not provide sufficient
grip when the slope angle becomes too large. So, after many tests, we choose 5° as the
maximal slope angle in the demo to ensure the success rate of uphill walking.

The accompanying video material2 shows the Nao robot walking on an uneven ter-
rain with our proposed gait controller in the simulator Webots, which implies that our
controller can handle the altitude differences of the foot placement and adjusts the con-
trol parameters to maintain balance.

6.5.3. EVALUATION OF ENERGY EFFICIENCY
To evaluate the energy efficiency of the proposed gait, we ran trials with the Nao hu-
manoid robot in the simulator environment. In the first experiment, the average electric
currents that flow through the leg joints, are recorded and compared for two gaits: the
Aldebaran gait and our new gait, while walking a constant distance on the flat ground.
The electric current in the joints for sagittal movement (HipPitch, KneePitch and An-
klePitch) and lateral movement (HipRoll and AnkleRoll) are recorded separately. Figure

2https://youtu.be/owHiGQm8WSg

https://youtu.be/owHiGQm8WSg
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Figure 6.11: The roll angle trajectory of both legs under different slope in 1, 3, 5 degree.

6.12 shows how much the sagittal motion and lateral motion contribute to the total en-
ergy consumption. In the hip joints, the average currents for lateral motion (HipRoll)
are almost the same (0.095 A in the Aldebaran gait, 0.09 A in the proposed new gait), but
average currents (0.07 A) in the HipPitch for the sagittal motion in the proposed new gait
is 17.6% less than that in the Aldebaran gait (0.085 A). The reason is that, compared to
Aldebaran gait, we use a larger and proper step size in the proposed gait, which makes
the robot cover the same distance in fewer steps. In the knee joint, the average current
(0.25 A) in the proposed gait is 28.6% less than the one in the Aldebaran gait (0.35 A). Reg-
ulated by the optimal leg-length policy, the proposed gait keeps the stance leg stretched
most of the step time, which has the advantage in energy efficiency over Aldebaran gait.
Since the knee joint has only one degree of freedom (KneePitch) in forward direction, it
does not have lateral motion, and thus no lateral energy cost. The ankle joint uses a stiff-
ness of 10% in the sagittal direction (AnklePitch), and no stiffness in the lateral direction
(AnkleRoll) in the proposed gait. These stiffness values reduces the energy consumption
of the ankle joint from 0.10 A in the standard gait to 0.03 A in the proposed gait. This
corresponds to a reduction of 57.1 % in the sagittal direction and 100 % in the lateral
direction. The total energy reduction in the ankle join is 70 % on level ground. The over-
all energy consumption in the Webots simulator of leg joints of our new gait reduces by
31% compared to the Aldebaran gait on the flat ground. As described in Chapter 5, we
implemented the new gait on a real Nao robot and conducted the same experiment. The
results show that, compared to the Aldebaran gait of the Nao on the flat floor, the overall
energy consumption of the gait reduces by 41%. The disparity between the energy costs
in the simulator and the real Nao robot is caused by the different ways of energy mea-
surement on both platforms. For example, on the real Nao robot, the electric current
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of joints can be read directly from the joint sensor. Whereas, in the simulation environ-
ment, the energy consumption is estimated using the torque applied on the joints.
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Figure 6.12: The electric current consumption on hip, knee, ankle joints of proposed new gait and Aldebaran
gait.

The next experiment evaluated the energy consumption of the gait proposed in this
chapter w.r.t. the increasing slope angles up to 5° in the sagittal and frontal plane (see Fig-
ure 6.10). In the experiment, the Nao robot is placed on a slope of angle p both in sagittal
and frontal plane. In this way, the energy cost of sagittal motion and lateral motion can
be recorded at the same time. We let the robot walk a constant distance on the slope
of 1, 3, 5 and 7 degree separately, and record the average electric currents in the joints
for sagittal movement (HipPitch, KneePitch, AnklePitch) and lateral movement (HipRoll,
AnkleRoll). Figure 6.13 shows that more energy is consumed in the joints for the sagittal
and the lateral motion as the angle of slope increases. Notably, our new gait on the slopes
requires less energy for all slope angles than the Aldebaran gait on the flat ground. This
indicates that the proposed gait has better performance not only w.r.t. the stability but
also w.r.t. the energy efficiency on uneven terrains.
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Figure 6.13: The electric current of the proposed walk gait on different slopes
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6.6. CONCLUSION
In this chapter, we investigate how we can improve the sagittal and lateral stability of
the gait when a Nao robot walks on an uneven terrain. We first make an assumption
that the single step on uneven terrain can be simply assumed to be the one on the (vir-
tual) slope with certain angle. This assumption views various terrain classes as slopes
and therefore, transforms the balance control problems on uneven terrain into those on
slopes. Since in the single support phase, the robot can turn freely around the ankle joint,
a bump or a hole on the walking surface may disrupt the sagittal stability. Moreover,
during the double support phase the robot may overshoot or undershoot its stable end
point, namely, balancing above the new stance foot. We presents a feedback controller
based on the feed-forward neural networks that adapts the gait parameters in order to
ensure the robot’s stability while it walks on an uneven terrain. The controller enables
the development of leg length policy and force policy that enables highly dynamic ter-
rain adaptive locomotion.

Research question The results of this chapter provide us with the answer on research
question 6.

6. How can we improve the stability of the walking gait on uneven terrains?
We developed a feedback controller based on three small feed-forward neural net-
works. One neural network generates the leg-length policy based on the angle,
angular speed and angular acceleration of the virtual telescopic stance leg. An-
other neural network generates the force policy based on the angle, angular speed
and angular acceleration of the virtual telescopic swing leg. The last neural net-
work set the Torso Roll Inclination using the knee angle of the swing leg at the end
of the double support phase as an indication of the height difference of the two
feet. The evaluation of the new controller showed that it enables a stable walk on
an uneven terrain.



7
CONCLUSIONS AND FUTURE

RESEARCH

R ESEARCH in robotics has come a long way in the last few decades, and is moving away
from being confined to industrial robots with precisely programmed motion plans

to include adaptive mobile robots that can robustly operate in a variety of scenarios.
Mobile robots are roughly classified into two groups: wheeled robots and legged robots.
Wheeled robots have the advantage of moving fast and are mainly used for translation
of long distances, such as cars. However, the mobility of the wheeled robot is limited
to flat surfaces or easy terrains. Legged robots are able to move on discrete and uneven
terrains, such as rubble, wreckage, ruins. In particular, one type of legged robots with an-
thropomorphic shape (humanoid robots), which walks on its two legs (i.e, biped walk),
only needs a small contact area to the ground. Therefore, they are expected to maneu-
ver into the sphere of our daily life and were easily adapt to environments designed for
human beings.

The synthesis of biped gait on a humanoid robot is a core challenge within the field
of mobile robot locomotion. This thesis investigates a novel way of biped gait synthesis
on a humanoid platform, the technologies used for balance control of the biped walking
gait on uneven terrains, and for the optimization of the energy consumption. This has
led us to the following problem statement:

Problem statement:
How to synthesize a biped walking gait with energy efficiency and dynamical stability on
a humanoid robot with high degrees of freedom on uneven terrains ?

To tackle the given problem statement, we focused in the performed research on
two aspects: (1) a biped locomotion model that enables us to analyze the energy cost
as a function of the type of the gait, and (2) control methods that implement the identi-
fied gait with low energy cost on a real robot. The first aspect is addressed by using an

113
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inverted pendulum model that allows us to investigate the different walking behavior.
The second aspect is addressed by first designing a controller that generates an energy-
efficient gait, and then, extending the controller to enable walking on uneven grounds.
These two aspects were further refined into six tasks. Each of them below corresponds
to a research question formulated in Chapter 1.

1. The model used to identify an energy-efficient biped walking gait.

2. The influence of double support phase on the gait.

3. Lateral stability.

4. Controller design.

5. Gait optimization on level ground.

6. Gait optimization on uneven terrain.

In the following section, we summarize our findings to the corresponding research
questions. We then discuss them in the larger context of the overall problem statement
in Section 7.2. Finally, we present promising directions of future research in Section 7.3.

7.1. ANSWERS TO THE RESEARCH QUESTIONS
The model used to identify an energy-efficient biped walking gait The (Linear) In-
verted Pendulum Model is the prevailing model that is used to give an elementary rep-
resentation of the dynamics of the biped gait. This model represents a robot that has
complex body parts, as a point mass located in the CoM position, with two telescopic
legs, and the feet represented as points. With this model, the dynamics of the biped gait
can be described as a set of simple physics equations. However, the model is used to
analyse the dynamics and stability of a gait, but not the energy consumption. This issue
has lead us to the following research question.

Research Question 1:
Can the planar inverted pendulum model be used to create a bipedal gait with a high en-
ergy efficiency?

The research question is addressed in Chapter 4. To answer this question, we carried
out experiments to assess the effect of different joints on energy consumption, the result
of which show the energy consumption on knee joints make up about 35.2% ª 40.4%
of that of whole body and the output torque of joints is directly proportional to its en-
ergy consumption. We then proposed an Inverted Pendulum model with telescopic legs
which allows the length of the virtual leg (i.e., the distance between the center of mass
and one of the ankles) to vary during a step. Moreover, based on this model, we proposed
a leg-length policy which determines how much the virtual leg will be relatively short-
ened and indirectly regulates the output torque on knee joints, as described in Section
4.2.
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Regarding to the energy efficiency, we optimize the leg-length policy and evaluate the
effect of the optimal leg-length policy (in Figure 4.4) on the energy cost of the biped gait
generated by our proposed model. Here we observe that the application of the optimal
leg-length policy is beneficial for the energy efficiency of a biped walk gait. In a further
experiment, we testify the potential benefit of utilizing the low stiffness on ankle joints
and investigate the effect of introduction of under-actuated ankle joints on the stability
of walk on flat surface. We observe that it is necessary to set the ankle pitch stiffness to
0.1 in order to assure the soles have sufficient grip to propel the Nao robot.

The influence of the double support phase on the gait Many studies on biped robots
using the Inverted Pendulum Model ignore the double support phase [72, 74, 79, 142]
or assume that the double support phase is instantaneous [88, 136, 174]. In this the-
sis, we extend the Inverted Pendulum Model with a double support phase taking into
consideration the stability and energy efficiency. During the double support phase, the
robot’s weight gradually transfers from the stance leg to the swing leg, rather than instan-
taneously at the end of the single support phase, which improves the stability of the gait.
Besides, from the viewpoint of energy efficiency, the double support phase is important,
since the force on the swing leg influences the energy cost. The extended double support
phase on the walk gait has lead us to the following research question.

Research Question 2:
What is the influence of the double support phase on the biped gait in the sagittal plane?

With the intent of answering this research question, we take the first step towards in-
vestigating the influence of the double support phase by introducing a force analysis in
subsection 4.2. We conclude that the forces on legs in double support phase determine
the impulse generated by the heel strike of the swing leg, and also influence the move-
ment in the sagittal plane. We then proposed a force policy that determines the force
that the swing leg (i.e., stance leg in the next step) applies on the mass during the double
support phase. A feasible force policy has two goals: Firstly, the policy must guarantee
that the stance leg stays on the ground till the double support phase finishes. Secondly,
the policy must ensure that the CoM of robot balances above the new stance foot at the
end of the double support phase. We investigate the effect of different force policies in
the double support phase and the responding leg-length policies. The results show the
force policy can regulate the force of swing leg to generate a cyclic walk after introduc-
ing the double support phase into the model. Moreover, the applied force policy does
not change the shape of the optimal leg-length policy, which means have no significant
influence on the gait in the single support phase.

Lateral stability During the double support phase, the robot switches the stance leg,
which may influence the lateral stability of a gait. This has lead us to formulating the
following research question.

Research Question 3:
What are the requirements of a double support phase with respect to lateral stability of a
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gait?

The research question is addressed also in Section 4.3. We made the following re-
quirements for the double support phase that (1) at the beginning of double support
phase, the CoM is vertically above the center of the stance foot in the lateral direction.
(2) During the double support phase, the CoM is supposed to transfer from the stance
leg to the swing leg. (3) At the end of double support phase, the CoM must be balanced
above the center of the old swing foot in the lateral direction.

To achieve a smooth CoM transition and accurate timing control, we proposed that
the shape of the force policy is determined by a Quadratic Bezier curve, as illustrated in
Figure 4.9. The method we proposed is (1) disturbing the balance by slightly bending the
robot body inward. (2) controlling the force generated by the swing leg by means of a
force policy which is generated by regulating the knee stiffness of the swing leg.

Controller Design The results of answering the previous research questions revealed
the model derived from the Inverted Pendulum Model and extended with a leg-length
policy and a force policy in the sing support phase and the double support phase re-
spectively. The implementation of the model to generate a biped gait has lead us to the
following research question.

Research Question 4:
How to design the controller for gait generation?

This research question is addressed in Chapter 5. The proposed controller consists
of motion generators providing the appropriate joint functionality, which are supervised
by a Finite State Machine as an action selector. Individual joint angles are computed by
the motion generator, whose structure is organized into a body trajectory generator and
a leg trajectory generator. The controller has 9 control parameters fine-tuning the gait.
These parameters are optimized by searching for values that optimize stability and min-
imize energy cost. The parameters reflect the detail with which we model the gait. The
parameters can be grouped into four categories: (a) sagittal motion (b) lateral motion (c)
stability (d) time control.

With this controller, we implement the leg-length and the force policy by controlling
the leg movement of the biped walker. Moreover, this controller generates the trajectory
for the swing foot to stride in single support phase and for ankle joints of the stance leg.

Gait optimization on level ground The proposed controller can generate different biped
gaits by changing the parameter values. However, finding the stable walk gait with the
least energy cost is still challenging. To assess the energy consumption and the stabil-
ity of the walk gaits, a suitable criterion is required. Besides, the controller of walking
bipeds involves high-dimensional states and parameters with unknown correlation be-
tween each other, which leads to the following research question.

Research Question 5:
How to optimize the energy efficiency for the walk gait on a flat floor ?
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This research question is addressed in Sections 5.4 and 5.5. The evaluation of the
energy efficiency of the walking gait requires a criterion. Hence, we proposed a fitness
function, which measures the total energy cost and the stability of the gait over a certain
distance of forward walk. We explore the values of the control parameters that lead to
the maximal value of the fitness function.

The optimal set of parameters is determined through policy gradient reinforcement
learning. To improve the identified set of parameter approximates to a global optimum,
the learning process is repeated many times with randomized initial parameters. In all
cases, the reinforcement learning algorithm converged to the same set of parameter val-
ues.

We applied the optimal parameter on the gait controller to generate a new biped gait.
We then evaluated the energy consumption of the new gait by comparing with the energy
consumption of the standard gait which Aldebaran ships with the Nao robot. The results
revealed that the energy consumption of the new gait is 41% less than for the standard
gait of the Nao provided by Aldebaran.

Gait Optimization on Uneven Terrains The developed gait has its limitations because
the stability of the new gait can not be guaranteed when external disturbances occur.
This means that any disturbance such as a push or stepping on uneven terrains may
jeopardize its balance. This leads to the following research question.

Research Question 6:
How to optimize the stability of the walking gait on uneven terrains ?

The research question is addressed in Chapter 6. We assume a single step on an un-
even terrain can be modeled as one on a (virtual) slope with certain unknown angle.
This assumption enables us to transform the balance control problem on uneven ter-
rains into one on slopes. The parameters of the controller for level ground can be opti-
mized for specific slopes in the sagittal and the lateral directions. We present a feedback
controller based on three feed-forward neural networks, that adapts the gait parameters
in order to ensure the robot’s stability while walking on an uneven terrain. The neural
networks directly determine the leg-length policy and the force policy, which enables
continuous adaptation of the gait to the changing terrain conditions. The resulting gait,
evaluated on an Aldebaran Nao robot, (1) can handle small disruptions caused by an
uneven terrain, and (2) looks more like a human gait.

7.2. ANSWER TO PROBLEM STATEMENT
After answering the research questions, we are now able to provide an answer to the
problem statement.

Problem statement:
How to synthesize a biped walking gait with energy efficiency and dynamical stability on
a humanoid robot with many degrees of freedom on uneven terrains ?
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Taking the answers of the research questions into account, there is a way in synthe-
sizing a biped walk gait for a humanoid robot, the walk of which has a good performance
in stability and energy efficiency on and a level ground and uneven terrains.

First, a variant of the Inverted Pendulum Model can be exploited to describe the dy-
namics of the proposed walk gait, where the energy efficiency can be achieved using
a leg-length policy to regulate the stance leg. Second, to achieve a three-dimensional
walker, a double support phase is essential. Our proposed approach can address the
consequent lateral stability issue. Third, our gait controller with multiple parameters
can generate various walk gaits. A stable gait with the least energy cost on level ground
can be achieved by exploring the parameter space using a policy gradient reinforcement
learning that maximizes the value of a fitness function, which concerns both the stabil-
ity and energy efficiency. Fourth, our proposed neural network controllers improve upon
the performance of stability with regard to the three-dimensional walk of the robot in the
presence of an uneven terrain.

7.3. RECOMMENDATIONS FOR FUTURE RESEARCH
We identify several key areas which should be investigated to improve the applicability
of the presented work. The following part describes possible future work directions for
Chapters 4, 5 and 6.

Chapter 4 It is interesting to extend the inverted pendulum model with a "toe off" phase.
A "toe off" phase may improve the energy efficiency of a gait [93]. The "toe off"
phase is a subphase of the double support phase, in which the heel of the rear foot
rises while the toes remain on the ground. This motion can extend the leg length
while the leg is already stretched, and therefore requires almost no torque on the
knee joint. Human beings and the humanoid robots with toes can easily and natu-
rally carry out this motion, but the Nao robot used in this research cannot because
it has flat feet.

Another interesting extension of the inverted pendulum model is the addition of a
small mass to the swing leg. Such an extension may enable us to better analyze a
kicking motion, which is important for robot soccer.

Chapter 5 We proposed a gait controller that generates a leg-length policy and the han-
dles lateral movement of the CoM in the double support phase. To improve the
versatility of the robot locomotion, such as allowing the robot to step over an
obstacle as well as to climb stairs, we can explore higher and longer steps. The
height and length of the steps might be adjusted based on the recognized obsta-
cles. Moreover, we may investigate the possibility to place the feet more in line
(i.e, the placement of swing foot is closer to the stance foot) during walking, as hu-
mans are doing. This will reduce lateral movement, which may improve the gait’s
stability.

Chapter 6 We propose two directions for future work. The first is to conduct stability
validation experiments in the real environment, which makes the results more ob-
jective. In this thesis, the validation experiments have been carried out only in the
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simulation environment, because the roughness of the terrain can be more easily
quantified and adjusted there than in a real experiment. Though the results show
the good performance of the walking gait on simulated rugged terrain, we must
conduct the validation experiments with a real robot in the outdoor environment
to obtain a more objective evaluation on the performance of the proposed gait.
The second direction of future work is cross-platform compatibility. In this the-
sis, the effectiveness of the proposed method for generating a biped gait has been
verified on the Nao robots. However, the simple structure of the controller and the
limited use of sensor information make it possible to apply the proposed approach
to other humanoid robot platforms. An interesting continuation of this work will
be to pack the basic locomotion skills of the controller as "downloadable" libraries
that can be shared between different humanoid robot platforms.
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SUMMARY

The term robot comes from the Slavic word rabota, which means labour or work. It was
first introduced into English vocabulary by the Czech playwright Karel Capek in his 1920
science fiction play Rossumovi Univerzální Roboti (Rossum’s Universal Robots). Since
then the term has been applied to a great variety of mechanical devices, such as in-
dustrial manipulators, autonomous land rovers, underwater vehicles, etc. The machine
that is autonomous or semi-autonomous, usually in the control of the computer, can
be called a robot, which presents many challenging and interesting research problems.
To solve the problems, Robotics becomes a rapid-developing field of cross-disciplinary
technology, which includes mechanical engineering, electronics engineering, computer
science, and others. These technologies are exploited to develop robots that can repli-
cate human actions and replace human labor. Robots can be used in any situation and
for any purpose, but today many are used in manufacturing processes, and in dangerous
environments such as military operations area, nuclear power plant, skyscraper, etc.

To date, robots perform great feats of manipulation, especially in the industrial area.
They can move heavy objects, and repeat assemble work that usually requires high preci-
sion. Commercially available robotic toys and vacuum cleaner inhabit our living spaces,
drones soar in the sky and unmanned underwater vehicles have dived into the deep wa-
ter. These successes appear to omen an explosion of robotic application in our daily
lives. But without advances in robotic motion, many promising robotic applications will
not be possible.

A common problem faced by the robotic researchers is the movement of the robot.
Depending on the environment in which they operate, mobile robots can be divided
into several categories such as: flying robot, amphibious robots and land robots. The
latter can be divided according to the way they move. There are wheeled robots and
legged robots. Each of the robot designs has its merits and drawbacks. Compared to the
wheeled robot, which are able to move in a high efficient way on even surfaces, legged
robot are capable of stepping across the obstacles on uneven terrains. The modern mo-
bile robots have a large amount of motor actions to move the whole body from one point
to another. Bipedal walking (the self-propelled movement of the robots with two legs)
could be considered the most representative behavior. The most common approach to
control the walking behavior and balance of a robot with two legs is called Zero Moment
Point (ZMP) [157]. This approach computes the point where the whole foot needs to be
placed in order to have no moment in the horizontal direction. In other words, ZMP is
the point where the sum of the vertical inertial and gravity force equals zero. Most state
of the art platform like ASIMO [133], HRP-4 [81] and HRP-3 [80] make use of the ZMP
concept. One of drawbacks of ZMP arises from the need to have the whole foot in con-
tact with a flat surface, which can be problematic on uneven terrains. Moreover, this
method requires a model of the robot and a known environment. Finally, the ZMP can
only be controlled indirectly and control methods have to be found indirectly influence
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the ZMP so that it stays within the stable region.
Another problem that motivates researcher in their pursuit of a more energy-efficient

walking robot, is because a legged robot needs to carry its energy source of the limited
capacity. Needless to say, a low energy consumption can directly contribute to a longer
working duration. In the paper of [27], the gait of humans is assumed to be one of the
most energy-efficient ways of walking. The experimental studies of human locomotion
[57, 64] support the hypothesis that the choice of a gait pattern is influenced by energy
considerations. In the repetitive motion of walking, the motion controller may attempt
to produce walking pattern that is energy efficient because it exploits physical properties
of the robot. Bearing this in mind, a possible solution for enabling an energy-efficient
walk on the bipedal robot is to:

1. Characterize the biped motion in terms of a set of locomotion variables.

2. Search for the optimal locomotion variables that minimize the fitness function
that concerns the energy cost.

3. Establish the correlation between these locomotion variables and the energy cost.

The two core challenges of bipedal walking, namely stability of biped walking in un-
known environments and energy efficiency of the biped locomotion have led us to the
following problem statement:

How to synthesize a biped walking gait with energy efficiency and dynamical stability on
a humanoid robot with high degrees of freedom on uneven terrains ?

We identify six research questions which guide the research with regards to the prob-
lem statement. The questions address the problems of (1) dynamics model, (2) energy
efficiency of locomotion in sagittal and lateral direction, (3) lateral stability, (4) controller
design, (5) gait optimization on level ground, (6) gait optimization on uneven terrains.

Research Question 1: Can the planar inverted pendulum model be used to create a bipedal
gait with a high energy efficiency?

Research Question 2: What is the influence of the double support phase on the biped gait
in the sagittal plane?

Research Question 3: What are the requirements of a double support phase with respect
to lateral stability of a gait?

Research Question 4: How to design the controller for gait generation?

Research Question 5: How to optimize the energy efficiency for the walk gait on flat floor?

Research Question 6: How to optimize the stability of the walking gait on uneven ter-
rains?
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In Chapter 1, we introduce the reader to the field of biped walking on humanoid
robots. Firstly, we introduce motivation of the development of the humanoid robot. In
the second section, we discuss the history and state of art in the field of the humanoid
robots and the biped walking. We also present a brief overview of the core research chal-
lenges in the field of biped walking on humanoid robots. In the fourth section, we intro-
duce and discuss the problem statement and research questions which guide the thesis.
In the final section, we introduce the structure and overview of the thesis.

In Chapter 2 we provide general information about Aldebaran Nao, a humanoid robot
deployed in this thesis as the experiment platform. Further, we introduce the common
techniques that are applied for the purpose of kinematics analysis.

Applicable techniques for biped walk gait generation are introduced in Chapter 3. We
first enumerate the different simplified models that are usually employed to describe the
dynamics of biped walking. Further, we introduce the stability criteria that are applied
for establishing the stability of the system. Additionally, we provide a brief survey of
existing approaches for walking gait generation.

Chapter 4 answers the first three research questions. The core problem concerns
the energy consumption of the walking gait modeled by a conventional (linear) inverted
pendulum and the improvement in the energy efficiency. This walking gait requires stiff
joints and bent legs, which result in high energy consumption. We address the research
question by investigating an inverted pendulum model with telescopic legs and a leg-
length policy that determines the length of the telescopic leg. With this model, we iden-
tify the leg-length policy that minimize the energy consumption of a walking gait. More-
over, we make the ankle joint under-actuated by setting its stiffness to zero to further
decrease the energy consumption. Our evaluation shows that the application of our ap-
proach reduced the energy cost of knee joint in a planar walker. Additionally, we ex-
tended the model with a double support phase to improve the stability of the walking
and proposed a force policy to control the lateral movement of the CoM. Our method is
to manipulate the force on the swing leg by means of a force policy which is generated
by regulating the knee stiffness of the swing leg. We also investigated the effect of force
policy on the leg-length policy. The experiment showed that the different force policies
have no significant influence on the leg-length policy, which indicates force policy is in-
dependent and does not influence the behavior of the leg-length policy.

The research questions tackled in Chapter 5 concern the implementation of the con-
troller for gait generation and the optimization with respect to the energy efficiency of
the walking gait on a level ground. To answer the question, we propose a controller that
provides the appropriate joint functionality consisting of two motion generators, which
are supervised by a finite state machine. The controller has 9 control parameters which
can be grouped into four categories: (a) sagittal motion (b) lateral motion (c) stability (d)
time control. The core problem is that given such a controller, we need a method to find
the parameters that minimize the energy consumption and maximize the stability. For
this purpose, we use a method of policy gradient reinforcement learning and proposed
a fitness function concerning the energy cost and the stability of the walking gait. We
use this method to estimate the policy’s gradient in the parameter space and then follow
the gradient towards an optimum where the value of the fitness function is maximal. We
repeated the learning experiment 500 times, each time starting from a randomly gen-
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erated parameter. In every experiment the parameters converge to the same optimum.
From this result, we conclude that the optimum is likely the global optimum. The eval-
uation on a real Nao robot shows that the implementation of our approach can result in
a walking gait that reduces the energy consumption by 41%, compared to the standard
gait of the Nao robot provided by Aldebaran. Lastly, we investigated the stability of the
proposed walking gait through its projection of the acceleration vector on the ground,
since the stability criterion ZMP is not feasible in our case. Although the ground projec-
tion of the acceleration vector overshoots the support point of the new stance leg, the
ground projection of the CoM does not and the proposed walking gait can still keep sta-
ble and cyclic. From this, we conclude that given the proposed controller with optimized
parameters, in the absence of areas of support, our method can synthesis a walking gait
that ensure the dynamical stability and energy efficiency on a level ground.

Chapter 6 addresses research question 6, which concerns the stability problem of
the walking gait on uneven terrains. We assumed that each step of a robot’s walk on
an uneven ground can be viewed as a step on a (virtual) slope. In this way, the uneven
terrains can be modeled as slopes of variable angles. We used the same method de-
scribed in Chapter 5 to obtain the optimal control parameters while let the robot walk
on a specified slope in both sagittal and lateral direction. The learned parameters and
the corresponding information (include the slope angles represented by the height dif-
ference of two feet) from the data are used to adapt the gait controller. We presented a
feedback controller based on three neural networks that adapts the gait parameters to
ensure the robot’s stability while walking on an uneven terrain. All of the neural net-
works have a simple structure with one hidden layer and use Sigmoid as the activation
function. The core task is the learning, for which we used the collected data to train the
neural networks using back propagation method. The first neural network has four in-
puts to outputs the sampled angle of the knee joint on the stance leg. The second one
has three inputs and its output is the sampled knee stiffness of swing leg. The last neural
network is the most simple one, which uses control parameter Knee Bending as the in-
put and outputs the control parameter Torso Roll Inclination. With the trained networks,
we implemented a controller that enables a Nao robot walk on uneven terrains. For our
approach, we utilized simulator Webots in order to design an evaluation experiment for
testing the stability of the generated walking gait. Using the parameter perlinNOctaves of
the terrain generator in Webots, we can generate uneven terrains with specified rough-
ness. Our evaluation revealed that the walking gait generated by the proposed controller
is stable on the terrain with hills and high inclination. We provide a video 1 shows the
Nao robot walking on an uneven terrain with our proposed gait controller in the Webots,
which implies that our controller can handle the altitude differences of the foot place-
ment and adjusts the control parameters to maintain balance. Moreover, we evaluated
the energy consumption of our walking gait on uneven terrain against the Aldebaran
gait on the flat ground, the result indicates that the our gait has better performance not
only with respect to the stability but also with respect to the energy efficiency on uneven
terrains.

Chapter 7 provides the conclusion of this thesis and discusses possibilities of future
research. Taking the answers of the research questions into account, we conclude that

1https://youtu.be/owHiGQm8WSg

https://youtu.be/owHiGQm8WSg
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our proposed method can synthesize a biped walking gait with energy efficiency and
dynamical stability on a humanoid robot on level ground and uneven terrains.





VALORIZATION

Traditionally robots are used for manufacturing tasks. Cars, for instance, are manufac-
tured to a great extent by robots. The robots in car manufacturing repeat pre-programmed
actions over and over again. More sophisticated robots are used, for instance, in con-
tainer terminals to pick up containers and bring them to or from the ships. These robots
do not execute the same sequence of actions over an over again, but adapt their action
based on the goals set by the operators. Container terminals are a restricted environ-
ment and the autonomy of the robots is often restricted. Your self-driving car is a robot
that has much more autonomy and must operate in an environment with much more
uncertainty.

Robots have also appeared in our homes. We have robots that do the vacuum clean-
ing, mow the grass and entertain the kids. This is only the beginning. In the future, we
will have robots that can do more complicated tasks, such as cleaning the toilets, wash-
ing and ironing your clothes, making order in the house, and playing football with your
kids in the garden. These robots must be adapted to our living environment, which is
designed for humans. It is therefore advantageous if the robots have a humanoid form.
Such robots much have arms and hands to do tasks we humans are doing, and legs to
maneuver in our environment.

A robot that has to maneuver in our environment must be able to walk on different
surfaces, such as flat wooden or stone floors, (high) pile carpet, the grass in the garden,
cobblestones street, etc. It must be able to step over obstacles such as children’s toys on
the floor, and it must be able to handle unexpected disturbances.

Besides being able to maneuver in our environment, a humanoid robot must also be
energy efficient when walking in our environment. A humanoid robot has to carry its
own power source and the capacity of modern batteries is still limited. Compared to the
human walking gait, the walking gait of the humanoid robot is much less efficient. The
difference in energy efficiency is partly caused by hardware differences such as using
motors instead of muscles, but is also caused by differences in walking patterns. The
former differences require developments in hardware while the latter differences can be
addressed by developing intelligent controllers.

The research presented in this thesis contributes to both walking on different and
possibly uneven surfaces, and to improving the efficiency of a walking gait. The results
show that energy efficient walking gait of the humanoid Nao robot developed by Alde-
baran can be improved by 41 % while walking on even grounds. Moreover, the energy
efficient gait can also handle uneven terrains with bumps, holes and slopes. These re-
sults are not limited to the Nao robot. The proposed gait controller can be applied on
any robot with a similar design, such as ASIMO developed by HONDA, the Wabian series
developed by Waseda University, the HRP series built by Japanese National Institute of
Advanced Industrial Science and Technology (AIST), HUBO2 from Korea Advanced Insti-
tute of Science and Technology (KAIST), Atlas developed by Boston Dynamic, the robot
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H6 and H7 from University of Tokyo, Jonnie and Lola from the Technical University of
Munich, and Sony’s Qrio. What these robots have in common are the flat feet, which do
not allow for toe-off, and full control over all degrees of freedom. Fine-tuning the gait
parameters of the proposed gait controller for these specific robots using reinforcement
learning, see Chapter 5.

The proposed gait controller uses under-actuated ankle joints. The walking gait should
therefore also be applicable to robots with point feet, such as the RABBIT built as part
of the French National Project ROBEA, MABEL developed at the University of Michigan,
MARLO from Dynamic Legged Locomotion Lab at Oregon State University and HUME
developed by UT Austin. For these robots the controller must be extended to handle the
robot standing still since the absence of feet introduces a stability issue when the robot
stops walking.

The approach developed in this thesis is applicable to the new development in hu-
manoid robotics. The proposed approach identities an energy efficient gait for robots
where the torque on the joints is the main source of energy consumption. The energy
efficiency of a robot can be improved if actuators are developed and used in which the
work done and not torque is the main source of energy consumption. The approach de-
scribed in Chapter 4 to identify an energy efficient gait can also be applied when better
actuators come available. The same holds for developments in hardware design. Walk-
ing with feet that can toe-off is considered to be more energy efficient. The WABIAN-2R
from Waseda University and the Romeo from SoftBank (Aldebaran) are robots that have
feet that can toe-off. With a small adaptation, the approach described in Chapter 4 can
also identify the most energy efficient gait for these robots. The gaits identified may and
probably will differ from the gait identified in this thesis. However, a controller can be
developed in the same way as described in Chapter 5.

The whole approach outlined in this thesis may help people with walking disabilities
in two different ways. First, we may build, physically or in a simulator, robots that can
model certain walking disabilities. The approach described in the thesis can be used as
a tool to investigate possible walking gaits given the disability. Second, the approach de-
scribed in the thesis may be used in the development of exoskeleton for paralyzed peo-
ple. Creating a stable gait that natural fits with the remaining abilities of the paralyzed
person is an important issue.
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